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ABSTRACT
A magnetohydrodynamic  problem o f  r e c u r r e n t  i n t e r e s t  f o r  b o t h  
a s t r o p h y s i c n l  and l a b o r a t o r y  p lasm as  I b t h e  e v o l u t i o n  o f  t h e  u n s t a b l e  
" s h e e t  p i n c h " ,  a  c u r r e n t  s h e e t  a c r o s s  which a  m a g n e t i c  f i e l d  r e v e r s e s  
s i g n .  I t  i s  a s  b a s i c  a  s t r u c t u r e  in  magnetohydrodymanics  a s  a  b ounda ry  
l a y e r  i s  i n  f l u i d  m e c h a n ic s .  In t h i s  s tu d y  t h e  e v o l u t i o n  o f  s u ch  a  s h e e t  
p in c h  i s  s i m u l a t e d  u s i n g  a  s p e c t r a l - m e t h o d ,  i n c o m p r e s s i b l e ,  tw o -d im en -  
s i o n a l  t u r b u l e n c e  co d e .  S e v e r a l  d i a g n o s t i c s  a r e  employed,  e s p e c i a l l y  
c o n t o u r  p l o t s  o f  t h e  r e l e v a n t  f i e l d s ,  which d i s p l a y  t h e  s t a t u s  o f  t h e  
system v i s u a l l y .  The n o n l i n e a r  e f f e c t s  which seems t o  be t h e  most im­
p o r t a n t  a r e  c u r r e n t  f i l a m e n t a t i o n j  a  c o n c e n t r a t i o n  o f  e l e c t r i c  c u r r e n t  
d e n s i t y  o n t o  s e t s  o f  s m a l l  measure  n e a r  a  m agne t ic  " X - p o i n t " ,  and r a p i d  
e x p u l s i o n  o f  m a g n e t o f l u i d  from th e  X -po in t  r e g i o n  p a r a l l e l  t o  t h e  c u r r e n t  
s h e e t ,
v
NOHLINEAE EVOLUTION OF THE MAGNETOHYDRODYHAMIC SHEET PIKCH
I . INTRODUCTION
The " s h e e t  p in c h "  i a  a  p la sm a  c o t i f i j u r a t i o n  i n  w h ic h  a dc m a g n e t ­
i c  f i e l d  r e v e r s e s  s i g n  a c r o s s  a s h e e t  c u r r e n t  which i s  p e r p e n d i c u l a r  t o  i t .  
On t h e  most f u n d a m e n t a l  l e v e l  t h e  dynam ics  o f  such a s y s te m  i n v o l v e s  mech­
a n i c a l  e q u a t i o n s  f o r  an e x t r e m e l y  l a r g e  number o f  c h a rg ed  p a r t i c l e s ,  v h i c h  
i n c l u d e  e l e c t r o m a g n e t i c  f i e l d s  o b e y in g  M a x w e l l ' s  e q u a t i o n s ,  t h e  s o u r c e s  
b e i n g  s e l f - c o n s i s t e n t l y  d e t e r m in e d  by t h e  p a r t i c l e  p o s i t i o n s  and v e l o c i t i e s .  
The  p r a c t i c a l  i m p o s s i b i l i t y  o f  m a n i p u l a t i n g  t h e s e  e q u a t i o n s  p o s e s  a p r o b l e m ,  
common t o  a l l  o f  p la sm a  p h y s i c s ,  whose s o l u t i o n  r e q u i r e s  t h a t  t h e  i n v e s t i ­
g a t o r  a d o p t  one  Df a v a r i e t y  o f  i d e a l i z e d  s t a n d p o i n t s .  Commonly e n c o u n t e r e d  
dynam ic  m o d e ls  f o r  sys tem s  su ch  as  t h e  s h e e t  p inch  i n c l u d e  t h e  m a g n e to h y d ro -  
dynam ic  (MHD) m o d e l ,  t h e  dynamics  o f  d i s t r i b u t i o n  f u n c t i o n s  {Vlasov  t h e o r y ,  
k i n e t i c  t h e o r y )  and s i n g l e  p a r t i c l e  dynam ics  i n  n o n - s e l f - c o n s i s t e n t  f i e l d s .  
The  f i r s t  t v o  a p p r o a c h e s  a r e  i n t r i n s i c a l l y  n o n l i n e a r  and c a n  be e x p e c t e d  
t o  b e  r i c h  i n  p h y s i c a l l y  i n t e r e s t i n g  phenomena d e s p i t e  t h e i r  a n a l y t i c  and  
c o m p u t a t i o n a l  d i f f i c u l t y .  T h e r e  a r e  a l s o  a  number o f  h y b r i d  models  which  
may h e  u s e d  s u c h  a s  v iew ing  t h e  plaEma be an MHD f l u i d  on t h e  l a r g e  s c a l e s ,  
w i t h  p a r t i c l e  o r b i t  dynamics  i n f l u e n c i n g  t h e  sm a l l  s c a l e s ,  o r  t h e  " p a r t i c l e -  
i n - c e l l "  a p p r o a c h  in  v h i c h  an i n t e r m e d i a t e  number (a  few h u n d r e d  th o u s a n d )  
o f  p a r t i c l e s  a r e  moved in  an a p p r o x im a te  s e l f - c o n s i s t e n t  f i e l d ,  bu t  t h e  
r e s u l t s  a r e  i n t e r p r e t e d  in  t e r m s  o f  p h a se  f l u i d  e v o l u t i o n .
I n  t h e  p r e s e n t  work t h e  s h e e t  p i n c h  w i l l  be  t r e a t e d  as  an MHD 
f l u i d  c o n f i g u r a t i o n .  W ith in  t h i s  framework  t h e r e  a r e  s t i l l  a  number o f  
p o s s i b l e  v i e w p o i n t s .  For e x am p le ,  two v o lu m es  o f  m a g n e t o - f l u i d  c o n t a i n i n g
2
3o p p o s i t e l y - d i r e c t e d  m agnet ic  f i e l d s  c an  be m e c h a n i c a l l y  fo r c e d  tow ard  
each  o t h e r  i n s i d e  a  l i m i t e d  r e g i o n .  A l t e r n a t i v e l y ,  a  c u r r e n t  d i s t r i b u ­
t i o n  can be  m a i n t a i n e d  a t  a l a r g e  f i x e d  v a lu e  a c r o s s  a  narrow s t r i p .
F i n a l l y  (and t h i s  i s  t h e  p o i n t  o f  v iew ta k e n  h e r e ) ,  t h e  s i t u a t i o n  can  be 
r e g a r d e d  a s  an i n i t i a l  v a lu e  problem i n  v h i c h  a  c u r r e n t  s h e e t  has  been 
s e t  up a t  t  = 0,  by means i n t o  which we do n o t  i n q u i r e ,  and i s  a l lo w e d  t o  
e v o lv e -  Though t h i s  l a s t  p o i n t  o f  v iew i s  p e r h a p s  t h e  l e a s t  c l o s e l y  r e ­
l a t e d  t o  laboratory p r a c t i c e ,  i t  i s  t h e  e a s i e s t  t o  app ro ach  t h e o r e t i c a l l y ,
The c o n f i g u r a t i o n  has long  been o f  i n t e r e s t  i n  a s t r o p h y s i c a l  and
g e o p h y s i c a l  c o n t e x t s .  The u n i f y i n g  a s p e c t  i n  many o f  t h e s e  c a s e s  i s  t h e
1 2c o n n e c t i o n  w i th  t h e  " r e c o n n e c t i o n 11 prob lem.  ’ The " c o n n e c t i v i t y " o r  
" t o p o l o g y "  o f  m a g n e t i c  f i e l d  l i n e s  may be t h o u g h t  o f  i n  t e rm s  o f  t h e  n e s t ­
in g  o f  f l u x  s u r f a c e s  in  t h r e e  d im e n s io n s ,  o r  m a g n e t i c  i s l a n d s  i s  two d imen­
s i o n s .  F a m i l i e s  o f  f i e l d  l i n e s  which c l o s e  a ro u n d  d i f f e r e n t  m a g n e t ic  ax es  
o r  d i f f e r e n t  numbers o f  magnet ic  axes  a r e  s a id  t o  be  t o p o l o g i c a l l y  d i s t i n c t .  
In  two d i m e n s i o n s ,  n e u t r a l  l i n e s  and p o i n t s ,  a t  which t h e  m agne t ic  f i e l d  
v a n i s h e s ,  form t h e  c e n t e r s  { "0" p o i n t s )  o f  m a g n e t i c  symmetry and s e p a r a -  
t r i c e s  ( c o n t a i n i n g  "Xtp p o i n t s )  which d e f i n e  t h e  b o r d e r s  o f  d i s t i n c t  i s l a n d s .  
" f l e - c o n n e c t i o n 11 o f  m agne t ic  f i e l d  l i n e s ,  a l s o  c a l l e d  m erging  o r  a n n i h i l a ­
t i o n  i s  t h e  p r o e e s s  by which f i e l d  l i n e s  embedded in  a  p lasma o r  c o n d u c t i n g  
f l u i d  a r e  d ragged  th ro u g h  an X - p o in t .  The f i e l d  which  i s  no t  d i s s i p a t e d  
may r e a p p e a r  in  a  d i f f e r e n t  i s l a n d ,  o r  i t s  e n e rg y  may r e a p p e a r  a s  p lasma 
k i n e t i c  e n e r g y .  Thus  one may Eay t h a t  t h e  f i e l d  has been broken  and p a r t  
o f  I t  h a s  been moved t o  a  r e g i o n  o f  d i f f e r e n t  c o n n e c t i v i t y .
O b s e r v a t i o n  o f  s o l a r  a c t i v i t y  i n  t h e  p h o t o s p h e r e  has  p rompted  t h e
3 Jjdev e lo p m en t  o f  m ode ls  o f  s o l a r  f l a r e s  and q u i e s c e n t  a o l a r  p rom inences
it
w hich  i n c l u d e  r e c o n n e c t i o n  a t  an  X p o i n t  fo rm ed  a l o n g  a  s h e e t  c u r r e n t  a s  
t h e  d r i v i n g  mechanism- L i k e w i s e ,  t h e  i n t e r p l a n e t a r y  s o l a r  m a g n e t i c  f i e l d  
{embedded i n  t h e  s o l a r  w i n d ) ,  when a v e r a g e d  o v e r  s e v e r a l  h o u r s  t o  e l i m i n a t e
q
i t s  ' a c t i v e  * components  has l o n g  been  known t o  e x h i b i t  a  s e c t o r e d  s t r u c t u r e *  
The  s e c t o r  b o u n d a r i e s ,  p r o j e c t e d  o n t o  a p l a n e  c o n t a i n i n g  t h e  su n ,  t a k e  t h e  
fo rm o f  A rch im edes  s p i r a l s .  Detween t h e s e  b o u n d a r i e s  t h e  m a g n e t i c  f i e l d  
i s  d i r e c t e d  e i t h e r  e n t i r e l y  to w a r d s  t h e  sun o r  e n t i r e l y  away from i t .  The 
s e c t o r  b o u n d a r i e s  t h e n  a r e  s h e e t  p i n c h e s  t o  t h e  e x t e n t  t h a t  t h e  b o u n d a r i e s  
a r e  s h a r p .  T h e r e  i s  a  r e m a r k a b le  t i m e - c o r r e l a t i o n  b e tw een  t h e  p a s s a g e  o f  
t h e  e a r t h  t h r o u g h  a  s e c t o r  b o u n d a ry  and a  15$ r e g u l a r  v a r i a t i o n  o f  t h e  
" v o r t i e i t y  a r e a  i n d e x '1, a  m easu re  o f  t h e  p ro m in a n c e  o f  c y c l o n i c  c i r c u l a ­
t i o n  o f  t h e  e a r t h ' s  a tm o s p h e re  ( i n  t h e  n o r t h e r n  h e m i s p h e r e ) . ^  A no th e r  
exam ple  i s  t o  be  found in  t h e  e a r t h ' s  m a g n e t o t a i l ,  w here  t h e  r o u g h l y  d i ­
p o l a r  g e o m a g n e t i c  f i e l d  i s  g r e a t l y  e l o n g a t e d  in  t h e  ri a n t i  - s u n w a r d '1 d i r e c ­
t i o n  by v i r t u e  o f  t h e  s o l a r  wind p la sm a  s t r e a m i n g  b y .  A g a in ,  t h i E  s i t u a t i o n  
i s  c h a r a c t e r i s e d  by t h e  f o r m a t i o n  o f  a  n e u t r a l  l i n e  and  s h e e t  c u r r e n t .  The
r e s u l t i n g  t u r b u l e n t  r e c o n n e c t i o n  d u r i n g  a  " m a g n e t o s p h e r i c  s u b s to r m "  may be
T 3a s o u r c e  o f  e n e r g e t i c  p a r t i c l e s  in  t h e  m a g n e t o s p h e r e ,  *
In  l a b o r a t o r y  p lasma c o n f in e m e n t  e x p e r i m e n t s ,  and i n  p a r t i c u l a r  
i n  c o n n e c t i o n  w i t h  t h e  Los Alamos ZT-1+0 d e v i c e ^ ,  t h e r e  i s  a  renewed i n t e r ­
e s t  i n  " r e v e r s e d ' 1 f i e l d  c o n f i g u r a t i o n s  i n  w hich  t h e  a x i a l  ( l o n g  way a r o u n d  
t h e  t o n j a )  m a g n e t i c  f i e l d  p a s s e s  t h r o u g h  a e r o  i n  a  t h i n - c y l i n d e r  l a y e r  
w i t h i n  t h e  p l a sm a .  T h i s  t e n d s  t o  p ro d u ce  a  s h e e t  c u r r e n t  f l o w i n g  i n  t h e  
9 ( s h o r t  wsy a r o u n d )  d i r e c t i o n .  In  t h i n  s i t u a t i o n  ac  i n  any c y l i n d r i c a l  
o r  t o r o i d a l  t o k a m a k - l i n e  g e o m e t r y ,  t h e  d y n a m ic a l  e f f e c t s  o f  s h e e t  c u r r e n t s  
o r  " r e c o n n e c t i o n "  p r o c e s s a s  a r e  c o m p l i c a t e d  by b o u n d a r y  c o n d i t i o n ,  e x t e r n a l l y
5a p p l i e d  f i e l d s  due t o  c o n s t r a i n e d  "programming' ' c u r r e n t s  and  on th e  
t h e o r e t i c a l  l e v e l ,  t h e  i n t r o d u c t i o n  o f  a u x i l i a r y  m agnet ic  f i e l d s ,  as  
w e l l  a s  t h e  p re s e n c e  o f  o t h e r  im por tan t  dynamical  phenomena, l a  f a c t  
s i t u a t i o n s  i n  which t h e  e v o lu t io n  o f  a  s h e e t  p inch  i s  t h e  o n ly  t h in g  
g o in g  on a r e  r a r e j  i t  always e n t e r s  as one a s p e c t  o f  a  complex o f  dyna ­
m i c a l  p r o c e s s e s .  But th e  dynamics o f  t h e  Bheet p in c h  a r e  d i f f i c u l t  
enough t o  u n d e r s t a n d  t h a t  i t  becomes wor thw hi le  t o  a t t e m p t  a  t r e a t m e n t  
o f  i t  a s  an i s o l a t e d  phenomenon,
A v a s t  l i t e r a t u r e ,  no t  always i n t e r n a l l y  c o n s i s t e n t ,  has grown 
up a ro u n d  t h e  i n s t a b i l i t i e s  h e l l e v e d  to  c h a r a c t e r i z e  t h e  s h e e t  p inch  evo­
l u t i o n .  L ikew ise  a  s u b s t a n t i a l  l i t e r a t u r e  on r e c o n n e c t i o n  models has 
e v o l v e d ,  t a k i n g  i t s  r o o t s  in  a s t r o p h y o i c a l  c o n t e x t s  in  t h e  1950s and 
s p r e a d i n g  t o  t h e  conf inement  community by th e  1970s ,  when i t  become popu­
l a r  t o  v iew  t h e  ' d i s r u p t i v e  i n s t a b i l i t y 1 obse rved  in  tokamak exper im en ts  
to  be  c au se d  by r e s i B t i v e  t e a r i n g  modes,"*'®
A p r i m i t i v e  p i c t u r e  o f  X-point dynamics  uses g iv e n  by D u n g e y ^ ,
12and Sweet , whose b i b l i o g r a p h i e s  may he c o n s u l t e d  f o r  e a r l i e r  r e f e r e n c e s .  
These  m ode ls  s u g g e s t e d  t h a t  p a r t i c l e  a c c e l e r a t i o n s  a lo n g  n e u t r a l  l i n e s  
were  i n s t r u m e n t a l  i n  th e  fo rm at ion  of s o l a r  f l a r e s .  T h i s  model,  which 
a p p e a r s  t o  have e v o lv e d  under  t h e  name "P a rk e r -E w ee t tr m o d e l , i s  l i m i t e d  
by t h e  d i f f u s i o n  r a t e  o f  f i e l d  l i n e s  and was t h u s  deemed t o o  slow t o  
a c c o u n t  f o r  th e  r a p i d  r e l e a s e  o f  energy  in  s o l a r  f l a r e s .  [An i n f l u e n t i a l  
p a p e r  on t h e  l i n e a r  th e o r y  o f  s h e e t  p inch i n s t a b i l i t y  i s  due t o  F u r t h ,  
K i l l e e n  and  R o s e n b l u t h ^  (which i s  known as  FKR}.} J a g g i 1 ^ concluded t h a t  
t h e  FKR l i n e a r  i n s t a b i l i t i e s  could  lead  t o  t u r b u l e n t  enhancement o f  th e
1 R
r e c o n n e c t i o n  r a t e .  In t h e  same y e a r  Fe tsehek  in t r o d u c e d  a  compet ing
6r e c o n n e c t i o n  model which r e l i e d  on s t a n d i n g  MHD vaveo removed from t h e  
( d i f f u s i o n  dominated}  X p o i n t  n e ig h b o rh o o d  f o r  enhanced  e n e rg y  r e l e a s e - 
L a t e r ,  a  m a t h e m a t i c a l l y  c a r e f u l  t r e a t m e n t  o f  t h e  l i n e a r  t h e o r y  was g iv e n  
by B a r s t o n . ^
K i n e t i c  t h e o r y  t r e a t m e n t s  t h a t  go beyond t h e  m a g n e t o f l u i d  a p p r o -
17x im a t lo n  a r e  w e l l  t y p i f i e d  by t h e  p a p e r  o f  Drake and Lee .
The n o n l i n e a r  MHD r e c o n n e c t i o n  p ro b lem ,  s t y l i z i n g  what t h e  s h e e t  
p inch may e v o lv e  i n t o ,  has  r e c e i v e d  i t s  s h a r e  o f  a t t e n t i o n .  An e x a c t  s o l u ­
t i o n  i n  t h e  c a se  o f  an  i s o l a t e d  m a g n e t o f l u i d  c y l i n d e r  c o n t a i n i n g  an  X—p o i n t
13was g i v e n  by Chapman and K e n d a l l ,  A n a l y t i c  s t e a d y  s t a t e  s o l u t i o n s  w i th
I P  20imposed sym m etr ie s  were g iv e n  by Sonnerup , Sonnerup  and P r i e s t  and  Yeh
21and A x f o r d ,  Approximate  n o n l i n e a r  t r e a t m e n t s  o f  t h e  e v o l v i n g  s h e e t  p in c h
22  23 have been  g iv e n  by R u t h e r f o r d  , and Van Hoven and C r o s s ,  A s im p le  com­
p a r i s o n  o f  t h e  above p a p e r s  r e v e a l s  t h a t  ( i )  r a t h e r  s e v e r e  a s s u m p t i o n s  a r e  
r e q u i r e d  t o  make a n a l y t i c  headway w i th  t h i s  p roblem and ( i i )  t h e  r e s u l t s  
depend on  what a s s u m p t io n s  a r e  made.
As a  supplement t o  t h e  r a t h e r  c o n s i d e r a b l e  a n a l y t i c  i n g e n u i t y  
t h a t  h a s  been  b rough t  t o  b e a r  on t h e  e v o lv in g  s h e e t  p i n c h ,  i t  a p p e a r s  d e ­
s i r a b l e  t o  f o l l o w  i t s  e v o l u t i o n  n u m e r i c a l l y .  A r e c e n t  p a p e r  o f  im p o r ta n c e  
in  t h i s  d i r e c t i o n  i s  t h a t  o f  S a to  and  Hayashi , who s t u d i e d  e x t e r n a l l y  
d r i v e n  ( i . e . ,  m e c h a n ic a l ly  fo r c e d }  magnetohydrodynamic  r e c o n n e c t i o n .
T h e i r  c o m p u ta t io n  makes e x t e n s i v e  use  o f  an  anomalous r e s i s t i v i t y  which 
becomes e f f e c t i v e  a f t e r  t h e  l o c a l  c u r r e n t  d e n s i t y  e x c e e d s  a  c e r t a i n  t h r e s h ­
o l d ,  and  t h e r e b y  wipes o u t  t u r b u l e n t  f i n e  s c a l e  s t r u c t u r e  which would 
o t h e r w i s e  d ev e lo p  in  t h e  m a g n e t i c  and v e l o c i t y  f i e l d s .  In  t h e  p r e s e n t  work 
c o m p u ta t io n s  a r e  d e v e lo p ed  f o r  t h e  u n f o r c e d  i n i t i a l  v a l v e  p roblem In  which
Tt h e  f u l l  r a n g e  o f  s p a t i a l  s c a l e s  jg a c c u r a t e l y  r e p r e s e n t e d .  A r e l a t e d  
c a l c u l a t i o n  has  been d e s c r ib e d  in  a  p r e l i m i n a r y  r e p o r t  by Schnack and 
K i l l e e n
The p r i n c i p a l  c o m p u ta t io n a l  d i f f i c u l t y  in  t h e  problem i s  t h a t
i t  i s  i n h e r e n t l y  t u r b u l e n t .  As a  r e s u l t ,  a  wide  ran g e  o f  s p a t i a l  s c a l e s
i s  e x c i t e d ,  and t h e r e  i s  no p h y s i c a l  way to  a v o id  t h i s .  I t  i s  no t  an
a r t i f i c e  o f  t h e  mathemat ics  * The s m a l l e s t  s c a l e s  which a r e  d y n am ica l ly
s i g n i f i c a n t  o re  t h e  r e c i p r o c a l s  o f  t h e  s o - c a l l e d  " d i s s i p a t i o n  wave num-
27h e r s " ,  wave numbers which a r e  c o n s t r u c t e d  d i m e n s t o n a l l y  1 from t h e  
d i s s i p a t i o n  r a t e s  o f  m echan ica l  and magnet ic  e n e rg y  and th e  v i s c o 3 i t y  and 
r e s i s t i v i t y ,  r e s p e c t i v e l y .  These d i s s i p a t i o n  wave numbers have d i s s i p a t i o n  
c o e f f i c i e n t s  i n  t h e  denomina tors  so t h a t  ua t h e  d i a s l p n t i o n  c o e f f i c i e n t s  
g e t  s m a l l e r ,  t h e  s p a t i a l  r e s o l u t i o n  r e q u i r e d ,  i n  o r d e r  to  be lo o k in g  a t  
a n y th in g  b u t  f i n i t e  g r i d  e f f e c t s ,  becomes enormous .  T h i s  f e a t u r e  o f  mag­
ne to  hydrodynamic s i m u l a t i o n s  p u t s  s t r i n g e n t  l i m i t a t i o n s  which have p e rh a p s
n o t  been f u l l y  a p p r e c i a t e d  by t h e  plasma community on c o m p u ta t io n s ,  but
20which have l e d  Orsaog and Tang t o  c o n s t r u c t  r e c t a n g u l a r - g r i d  m a g n e t o f lu id
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codes  i n  e x ces s  o f  ( 2 5 6 ) c e l l s .  The range  o f  m e c h a n ic a l  and m agnet ic  
Reynolds  numbers which t h i s  r e s t r i c t i o n  l o c k s  one i n t o  i s  r e g r e t t a b l y  
s e v e r e :  u n l e s s  t h e  Reynolds numbers a r e  f a i r l y  l a r g e ,  t h e  medium i s  so
s l u g g i s h  t h a t  th e  i n s t a b i l i t i e s  a r e  no t  s een  and e v e r y t h i n g  damps t o  aero  
q u i c k l y ;  b u t  i f  t h e  Reynolds numbers g e t  f a i r l y  l a r g e ,  more r e s o l u t i o n  i s  
r e q u i r e d  th a n  i s  F e a s ib l e  f o r  moot c o m p u ta t io n a l  g ro u p s .  In  f a c t ,  t h e  
needed r e s o l u t i o n  i n c r e a s e s  r a p i d l y  enough t h a t  some p h y s i c a l l y  r e a s o n a b l e  
p a r a m e te r  reg imes  seem t o  be s u b s t a n t i a l l y  beyond th e  c a p a b i l i t i e s  o f  com­
p u t a t i o n  t e c h n o l o g y  f o r  w e l l  i n t o  t h e  f u t u r e .  I n  p r a c t i c e ,  t h i s  l e a v e s  a
fl
r e l a t i v e l y  narrow window w i t h  Reynolds numbers on t h e  o r d e r  o f  a  few 
h u n d re d ,  in  which a n y th in g  i n t e r e s t i n g  can be  seen  a c c u r a t e l y .
In C h a p te r  I I ,  t h e  e q u a t io n s  and i n i t i a l  c o n d i t i o n s  o f  t h e  
model a r e  s t a t e d ,  and th e  c o m p u ta t io n a l  p ro c e d u re  i s  d i s c u s s e d ,  In 
C h a p te r  I I I ,  some r e l e v a n t  o b s e r v a t i o n s  and expectations a r e  drawn from 
MHD t u r b u l e n c e  t h e o r y .  In  Chapter  IV, r e s u l t E  a r e  p r e s e n t e d  f o r  a  model 
p rob lem  which i s  u n p h y s i c a l ,  hu t  n o n e t h e l e s s  i n s t r u c t i v e ,  w i t h  z e ro  d i s -  
e i p a t i o n . C h ap te r  V p r e s e n t s  s im u la t io n s  w i th  one o r  both  o f  th e  d i s s i p a ­
t i o n  c o e f f i c i e n t s  nonzero ,  and th e  r e s u l t s  a r e  d i s c u s s e d  i n  te rm s  o f  a 
p l i y s i c a l  model which seems q u a l i t a t i v e l y  t o  r e p r e s e n t  th e  computed p h y s i c s .  
C h a p t e r  VI d e s c r i b e s  a  numer ica l  s im u la t io n  o f  t h e  c o a l e s c e n c e  o f  "magnetic
i s l a n d s " ,  an e f f e c t  proposed  on s t a t i s t i c a l  m e ch a n ic a l  grounds by F y f e ,  e t . 
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a l  ■ 1 * and on m ech an ica l  grounds a lo n e  f o r  t h e  sh ee t  p in c h  by F inn
32and Kav. In C h a p t e r s  IV and V, i t  w i l l  be no ted  t h a t  t h e  most d ra m a t i c  
p h y s i c a l  e f f e c t  o b s e r v e d  i s  a  f i l o m e n t a t l o n  o f  t h e  c u r r e n t  d e n s i t y :  con­
c e n t r a t i o n  o f  t h e  c u r r e n t  In  a sm al l  r e g i o n  n e a r  an  X-type  n e u t r a l  p o i n t .  
T h e re  i s  a l s o  a  ' j e t t i n g 7 , o r  e x p u l s i o n  o f  t h e  m a g n e to f lu id  a t  t h e  two 
w e a k - f i e l d  c o r n e r s  o f  t h e  X - p o ln t .  This  p i c t u r e  o f  t h e  dynamics in  t h e  
n e ig h b o rh o o d  o f  t h e  X-poin t  i s  c o n s i s t e n t  w i t h  t h e  one g iv en  by Dungey,"^
I I .  STATEMENT OF THE PROBLEM AND METHOD OF SOLUTION
The L u n d q u i s t  e q u a t i o n s  f o r  an i n c o m p r e s s i b l e  magnetohydrodyna-  
mic f l u i d  a r e :
U  + V*VB = B'VV + ( l a )t
y*B -  o ( l b )
VxB = J  ( l c )
U  + V'VV = -C^Vp + J  x B + ( I d )d t  b
V-V = 0 ( l e )
where B i s  t h e  m a g n e t i c  f l u x  d e n s i t y *  V I s  t h e  f l u i d  v e l o c i t y *  J  I s  t h e
e l e c t r i c  c u r r e n t  d e n s i t y ,  p in t h e  m e c h a n ic a l  p r e s s u r e ,  C i s  t h e  soundb
sp ee d ,  n i s  th e  r e s i s t i v i t y  (o r  i n v e r s e  c o n d u c t i v i t y ,  o r  i n v e r s e  m a g n e t ic  
Reynolds  number) and  \> i s  t h e  v i s c o s i t y  ( o r  i n v e r s e  m e c h a n i c a l  Reynolds
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num ber) .  Here t h e  d im e n s io n  l e s s  u n i t s  o f  F y f e  e t . a l . have  b e e n  u sed ,  
w here in  i f  L^, and c a re  t h e  c h a r a c t e r i s t i c  s p e e d ,  l e n g t h ,  c h a r a c ­
t e r i s t i c  m a t e r i a l  d e n s i t y  and  th e  s p eed  o f  l i g h t ,  r e s p e c t i v e l y ,  t h e  mag-
2 l/2n e t i c  f i e l d  i s  measured  i n  u n i t s  o f  = ( tnp^V^)  and  t h e  c u r r e n t  1b 
measured  in  u n i t s  o f  -  cBqA ttLq . The c h a r a c t e r i s t i c  v e l o c i t y  i s  In 
f a c t  t h e  c h a r a c t e r i s t i c  A l fv e n  sp ee d .  Note t h a t  = F^/p^V^ w here  Pq 
i s  a  c h a r a c t e r i s t i c  m e c h a n ic a l  p r e s s u r e ,  a s  u s u a l ,  and  t h a t  t h e  d im ens ion-  
l e s s  e l e c t r o m a g n e t i c  q u a n t i t i e s ,  upon m u l t i p l i c a t i o n  by t h e  a p p r o p r i a t e
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u n i t  f a c t o r s  above, y i e l d  cgs u n i t  q u a n t i t i e s .  A l s o ,  ( l b )  can be th o u g h t
o f  as  a u n i v e r s a l l y  a p p l i c a b l e  c o n s t r a i n t  whereas  ( i c )  c o n s t r a i n s  t h e
s o l u t i o n s  t o  n e g l e c t  t h e  e l e c t r i c  d i s p l a c e m e n t  c u r r e n t  and ( i d )  r e p r e s e n t s
th e  i n c o m p r e s s i b i l i t y  c o n s t r a i n t  [ s e e  Appendix D).  Thi3 s t a n d a r d  model
-+ v  ■*,a l s o  assumes t h a t  J  = n (E -  — x B) where E i s  t h e  e l e c t r i c  f i e l d ,  t h a t  
c o l l i s i o n s  i n s u r e  charge  n e u t r a l i t y  o f  t h e  f l u i d  e l e m e n t s ,  and t h a t  t h e  
p r e s s u r e  i s  a  s c a l a r  f u n c t i o n ,  [The e q u a t i o n s  p r e s e r v e  t h e  r e l a t i o n s h i p  
V*V = 0 i n  t im e ,  so t h a t  t a k i n g  th e  d i v e r s e n c e  o f  ( l a )  y i e l d s  a Poi&son 
e q u a t i o n  f o r  t h e  p r e s s u r e  a t  e a c h  i n s t a n t  o f  t i m e . l  Thus ,  s i n c e  a  p u r e l y  
s o l e n o i d a l  f i e l d  i s  com ple te ly  d e te rm in ed  f o r  a l l  t im e  by i t s  c u r l  we may 
i n t r o d u c e
w = V x V [2a)
L ikew ise  t h e  m agnet ic  f i e l d  i s  o f t e n  c o n v e n i e n t l y  r e p r e s e n t e d  by t h e  mag­
n e t i c  v e c t o r  p o t e n t i a l  a ,  where
B = V x a [2b)
I f  a l l  m agne t ic  q u a n t i t i e s  in e q u a t i o n s  ( l )  a r e  s e t  t o  z e r o ,  t h e  r e m a in in g
e q u a t i o n s  ( i d )  and  ( l e )  reduce t o  t h e  N a v i e r - S t o k e s  e q u a t i o n  f o r  an incom~
p r e s s i b l e  f l u i d .  In  t h i s  work we 3 h a l l  t r e a t  t h e  MHD s h e e t  p in c h  as a
p u r e l y  tw o -d im en s io n a l  problem w i th  a -  [ 0 , 0 , a ) ,  J  -  ( 0 , D , j ) ,  B = (B ,B ,□ ) ,x y
v = ( v |V , 0 )  and w = [ 0 , 0 , w) where t h e  r i g h t - h a n d e d  c o o r d i n a t e  b u s i a  i s  x y
£ ,e  , e  , In  a d d i t i o n  a l l  f i e l d  v a r i a b l e s  a r e  f u n c t i o n s  o f  x ,  y and t h e  x y  &
time t ,  w h i le  = CK In  t h i s  geom et ry ,  ve  may i n t r o d u c e  a  s c a l a r  s t r eam
f u n c t i o n  ip such t h a t
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V = V j t i ^ & = V i i ) x e  (3 )% z
L ik ew ise  (2b) becomes S = Va x e y so i t  becomes c l e a r  t h a t£
+  ■ +
B*va = 0 and V*v^ = 0 a t  a l l  p o i n t s .  Thus c o n t o u r s  o f  c o n s t a n t  a  a r e  mag- 
n e t i c  f i e l d  l i n e s  and c o n to u r s  o f  c o n s t a n t  ^ a r e  v e l o c i t y  s t r e a m l i n e s .  
F i n a l l y  t h e  v o r t i c i t y  and s t ream  f u n c t io n  and t h e  c u r r e n t  and v e c t o r  po­
t e n t i a l  a r e  r e l a t e d  by P o i s s o n ' s  e q u a t i o n :
V2ip = -in (Ita)
V2a = -J  U b )
The dynamical  e q u a t i o n s  t o  be fo llowed in t im e  a r e
+ V’Va ■= Tf72a  (5a)
a n d ,
+ V*Vw = B*Vj + vV*3u (5b)
These  e q u a t i o n s ,  a lo n g  w i th  (2b) , ( 3 ) ,  (h a )  and (hb) form a  coup led  se t  
o f  au tonomous, homogeneous n o n l in e a r  e q u a t i o n s  w i th  t h e  o n l y  p a ra m e te r s  
b e i n g  V and n .  There i s  no s y s tem a t ic  p ro c e d u re  f o r  s o l v i n g  them a n a l y t i ­
c a l l y ,  and any n u m e r ic a l  method chosen must a p p ro x im a te  t h e  i n f i n i t e  number 
o f  d e g r e e s  o f  freedom o f  t h e  dependent v a r i a b l e s  by some s u i t a b l y  chosen 
f i n i t e  s e t .  In  u g e n e r a l  s e n s e  th e  e q u a t i o n s  must be d i s c r e t i z e d .  Con­
f i g u r a t i o n  apace  d i s c r e t i z a t i o n  schemes s h a r e  t h e  c h a r a c t e r i s t i c  t h a t  
d e r i v a t i v e s  a r e  approx imated  by d i f f e r e n c e  o p e r a t o r s  on d i s c r e t e  p o i n t s .  
These  methods ,  though h ig h ly  developed a r e  s u b j e c t  t o  r o u n d o f f  e r r o r ,  and 
y i e l d  s o l u t i o n s  which a re  no t  simply r e l a t e d  t o  t h e i r  d e r i v a t i v e s .  On t h e
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o t h e r  hand, s p e c t r a l  methods use  a  f i n i t e  number o f  l i n e a r l y  In d e p e n d en t  
f u n c t i o n s  a s  an a p p ro x im a te  b a s i s  in  which t o  r e p r e s e n t  t h e  s o l u t i o n s .
T h e s e  methods b e n e f i t  from t h e  d i f f e r e n t i a b i l i t y  and i n t e g r a b i l i t y  p r o ­
p e r t i e s  o f  t h e i r  b a s i s  g e t ,  and In  many c a s e s  g i v e  f a s t e r  r e s u l t s  v i t h  l e s s  
r o u n d o f f  e r r o r .  (See Appendix A f o r  f u r t h e r  d i s c u s s i o n . )
made. An i n f i n i t e  domain i s  unwie l r i ly  and p h y s i c a l l y  u n r e a s o n a b l e  excep t  
i f  a  vncuum-rnagneto f lu id  i n t e r f a c e  i s  i n c l u d e d .  S i m i l a r l y ,  t h e  i n c l u s i o n  
o f  c o n d u c t i n g  o r  i n s u l a t i n g  w a l l s  r e q u i r e s  s o l v i n g  an e x t e r n a l  f i e l d  e q u a ­
t i o n ,  and may i n t r o d u c e  e f f e c t s  s p e c i a l  t o  a p a r t i c u l a r  g e o m e t r y .  Our 
p u r p o s e  i s  t o  compute r e s u l t s  which a r e  as g e n e r a l  a s  p o s s i b l e  and which 
r e p r e s e n t  o n l y  t h e  r e s p o n s e  o f  t h e  m a g n e t o f l u i d  t o  t h e  i n i t i a l  p r e s e n c e  o f  
t h e  sh ee t  c u r r e n t .  To t h i s  end we choose  p e r i o d i c  bo u n d a ry  c o n d i t i o n s  i n  
a  s q u a r e  box o f  d i m e n s l o n l e s s  l e n g t h  £?tt*
m e t r y  th e  e q u a t i o n s  o f  m o t io n  may be  c o n v e n i e n t l y  F o u r i e r  t r a n s f o r m e d .  
The f i e l d  v a r i a b l e s  a r e  e x p r e s s e d  a s  t h e  i n v e r s e  t r a n s f o r m ;
w h e re  u may b e  any one o f  B, V, a ,  j  o r  ^  and t h e  t i l d e  w i l l  o f t e n  be
o m i t t e d ,  and t h e  F o u r i e r  t r a n s f o r m s  w r i t t e n  a s  B [ k , t ) ,  v ( k , t ) ,  a ( k , t ]  and  
->■
w ( k , t ) ,  r e s p e c t i v e l y .  The t im e  dependence  may b e  n o t a t l o n a l l y  s u p p r e s s e d  
f o r  c o n v en ie n c e .  The t r a n s f o r m  i s  w r i t t e n  as
P o s tp o n in g  th e  t r e a t m e n t  o f  t h e  n u m e r i c a l  scheme f o r  t h e  moment,
a  c h o i c e  o f  t h e  domain o f  t h e  s o l u t i o n  and bo u n d a ry  c o n d i t i o n s  must be
Q u i t e  i n d e p e n d e n t l y  o f  t h e  n u m e r ic a l  method c h o s e n ,  i n  t h i s  g e o -
k
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where  a ( k )  ~ a * ( - k )  s i h c e  the  f u n c t i o n s  a ( x )  a r e  r e a l .  The w&yevectors  
i n  e q u a t i o n s  ( t )  have i n t e g e r  components which r a n g e  ov e r  a l l  v a l u e s :
0 ,  +1, +2,  e t c .  The minimum nonzero  v a v e v e c t o r  h a s  l e n g t h  1 and t h e  a l -
2 ^ ^ 1 /2  lowed w a v e le n g th s  a r e  A ■= 2Tr(n + m )*"r n ,nt
I n s e r t i n g  a p p r o p r i a t e  v e r s i o n s  o f  (61 i n t o  (5a )  and ( 5 b ) ,  r e -
- 2 tu
(5M
_ 2
a r r a n g i n g  and m u l t i p l y i n g  by (2tt) and i n t e g r a t i n g  over  t h e  box y i e l d s
t h e  F o u r i e r  t r a n s fo rm e d  e q u a t io n s
_k_ _k_ _i. I O _k_
(Bn)
r+p=k
V {r )a (p )  -  Tik^afk) (0 b ldt  , t"r+p=k
Tq a r r i v e  a t  t h e s e  and l a t e r  r e s u l t s  t h e  f o l l o w i n g  r e l a t i o n s  a r e  c o n v e n i e n t ;  
V*V = 0 q * v ( q )  -  o
V*E = 0 ■+ q * B(q_) -  0
B = Va x e ■+ z B(q) = i  ^ -qy a ( q ) T <1^(5)^
+ n * a 2 J  = V x B ■+ B(q) = ------   J (q)
q
tf^a = - J  ■+ J{ q )  = q2 a{q)
L ikew ise  t h e  r e s o l u t i o r i  o f  th e  i d e n t i t y  i s  needed :
ill
1 f  2 i (q * x )  - jcj+t _— -  I d x e = 6{q] = <
i t ) 2 J
I  I I *—> means *-^ r* *—i
-+  -+■ -+■ ~ r
1 i f  q * 0 
0 i f  q 4 0
Tn t h e  above ,  t h e  sum fi(p + r  -  k)
p + r  = k p i*
Now i t '  a  p a r t i c u l a r  MHD f l u i d  does no t  p o s se s s  t o o  much sm al l  
s c a l e  s t r u c t u r e  in  i t s  i n i t i a l  c o n d i t i o n ,  i t  may be r e a s o n a b l e  t o  appro­
x im a te  i t s  dynamics by a  two d im ens iona l  F o u r i e r  a e r i e s  w i th  o n l y  th o se  
w a v e v e c t o r s  i n c lu d e d  v h i c h  have i n t e g e r  components,  each  o f  which has ab­
s o l u t e  v a l u e  l e s s  t h a n  a  c u t o f f  v a l u e .  The p a r t i c u l a r  v e r s i o n  o f  t h i s
33a p p r o x im a t io n  v h ic h  i s  used here  i s  t h e  G a le r k in  s p e c t r a l  a p p ro x im a t io n
o f  t h e  t y p e  deve loped  by Orssag^^ and P a t t e r s o n ^ J and used  in  s i m i l a r  co n -
30 31t e x t  by F ^ fe  e t . a l . ’ . The e s s e n c e  o f  t h e  method i s  t h a t  t h e  t im e -
d e p e n d e n t  expans ion  c o e f f i c i e n t s  ( F o u r i e r  a m p l i tu d e s )  a r e  advanced in  t ime 
i n  su c h  a  way a s  t o  min imize  th e  norm o f  t h e  i n s t a n t a n e o u s  d i f f e r e n c e
be tw een  t h e  r i g h t  and l e f t  hand Eides  o f  t h e  e q u a t i o n s  (8 a )  and (8b) when
t h e s e  e q u a t i o n s  o re  w r i t t e n  in terms o f  t h e  approx im a te  ( t r u n c a t e d )  F o u r i e r  
e x p an s io n s *  T h i s  r e s u l t s  in e q u a t i o n s  which a re  fo r m a l ly  i d e n t i c a l  t o  (8a) 
and (8b )  e x c e p t  f o r  t h e i r  i n c l u s i o n  o f  o n ly  th e  s p e c i f i e d  a m p l i tu d e s*  I t  
i s  e a s y  t o  s e e  t h a t  even i f  t h e  p h y s i c a l  e x c i t a t i o n  i s  i n i t i a l l y  con f ined  
t o  t h e  domain spanned by th e  G a le r k in  modes, i t  w i l l  n o t ,  in  g e n e r a l ,  r e ­
main so* In f a c t  i f  a t  t  - 0 t h e  e x c i t a t i o n  i s  nonzero f o r  w avevec to rs
{<1 I \ < Hi | | < N) t h e n  in  t im e  fit t h e  e x c i t a t i o n  s p r e a d s  t o  th ex|
w a v e v e c t o r s  {p j | p ^ |  < 2Hi j |  < 2N). The a p p ro x im a t io n  a d o p ted  no t  only 
a r t i f i c i a l l y  s e t s  t o  ae ro  a l l  mode e x c i t a t i o n  o u t s i d e  o f  t h e  I n i t i a l  box,
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b u t  a l s o  e l im in a t e s  a l l  tertnE from th e  d i s c r e t e  c o n v o lu t io n s  which a r i s e  
from r e t a in e d  modes b u t  e x c i t e  n o n -r e ta in e d  modes.
Wow i f  t h e  G a l e r k i n  a p p r o x im a t io n  as d e s c r i b e d  i n  a d o p t e d  i n  a 
s t r a i g h t f o r w a r d  f a s h i o n , no r e f e r e n c e  need be  made t o  t h e  c o n f i g u r a t i o n
v a n ta g e o u s  t o  use  t h e  d i s c r e t e  c o n v o l u t i o n  th e o re m ,  a n a lo g o u s  t o  t h e  
c l a s s i c a l  F a l t u n g  theorems in  a n a l y s i s ,  t o  e v a l u a t e  t h e  c o n v o l u t i o n s .  At 
t h i s  p o i n t  i t  becomes n e c e s s a r y  t o  m odify  t h e  d e f i n i t i o n  o f  t h e  F o u r i e r  
t r a n s f o r m  t o  i n c l u d e  o n ly  a  d i s c r e t e  number o f  c o n f i g u r a t i o n  s p a c e  f i e l d
p o i n t s .  P o i n t s  be tween t h e s e  can c o n s i s t e n t l y  be  t r e a t e d  o n l y  in  an  i n t e r -
2
p o i n t i v e  f a s h i o n ,  s i n c e  N d e g r e e s  o f  freedom in  k sp ace  c o r r e s p o n d s  t o
2e x a c t  knowledge o f  t h e  f i e l d s  a t  o n l y  N p o i n t s .  These  p o i n t s  a r e  t a k e n
t h a t  t h e  d i s c r e t e  t r a n s f o r m  must be  d e f i n e d  a s  ( n a y ,  In t e r m s  o f  t h e  v e c t o r
s p a c e  f i e l d s .  The N in d e p e n d e n t  c o n v o l u t i o n  sums, each  o f  which c o n t a i n
N te rm s  may be  d i r e c t l y  e v a l u a t e d .  T h i s  i s  an e x t r e m e l y  t i m e  consuming
a l g o r i t h m ' and w i t h  t h e  a d v e n t  o f  F a s t  F o u r i e r  t r a n s f o r m s  i t  becomes ad
t o  he
X(n,m) = ( n , m ) t n = 0 , 1 ,  . . . N - l
m = 0 , l ,  , .  , N -  1
( 1 0 )
f o r  any k s p a c e  c u t o f f  N, Then s i n c e  dx -  11m ?■)-*-«
p o t e n t i a l )
- 1
-  J  <k <N/S2 y— (11)
N -l  N-l
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The c o n v o l u t i o n  theorem  a l lo w s  t h e  n o n l i n e a r  sums in  t h e  
e q u a t i o n s  o f  mot ion  t o  he e v a l u a t e d  by f i r a t  t r a n s f o r m in g  t h e  i n d i v i ­
d u a l  f i e l d s  in  each produce  i n t o  x apace ,  l o c a l l y  m u l t i p l y i n g  and i n -  
v e r s e  t r a n s f o r m i n g  t o  k s p ac e .  T h i s  p ro c e d u re  becomes e x a c t  i s  N + ®, 
b u t  i n t r o d u c e s  " a l i a s i n g "  e r r o r s  f o r  f i n i t e  N, B a s i c a l l y  t h i s  o c c u r s  
b e c a u s e  th e  t r u n c a t e d  e x p an s io n s  a r e  fo r m a l l y  p e r i o d i c  in bo th  k and
I
x s p a c e .  S e v e r a l  i n g e n io u s  methods have been d e v i s e d  by Orszag  t o  
e l i m i n a t e  t h i s  s y s t e m a t i c  e r r o r ,  and in t h e  a l g o r i t h m  used i n  t h e s e  
s i m u l a t i o n s  a co m bina t ion  o f  t h e s e  i s  used .  R e lev a n t  sup p lem en ta ry  d i s ­
c u s s i o n s  o f  t h e  d i s c r e t e  c o n v o l u t i o n  th eo rem ,  F a s t  F o u r i e r  Transform s  and 
t h e  " d e - a l i a s i n g "  p ro c e d u re  used  a re  g iv e n  in  Appendix A.
The t im e  e v o l u t i o n  o f  e q u a t io n s  {8a) and (Bb) i s  a ch ie v e d  v i a  
a p r e d i c t o r - c o r r e c t o r  a l g o r i t h m .  I f  t h e  e q u a t i o n s  a r e  s c h e m a t i c a l l y  r e ­
p r e s e n t e d  by
^ X ( t )  = F ( * [ t> )
t h e n  o u r  ' l e a p - f r o g 1 t e c h n i q u e  c o n s i s t s  o f  c a l c u l a t i n g  h a l f - t i m e - s t e p  f i e l d  
a s  :
S(t ) - i(t ) * f f  (*[t ))
"*2
and t h e n  u s i n g  t h e s e  f i e l d s  t o  advance t h e  w h o l e - s t e p  f i e l d s :
* ( t n+i)  -  f t v  ♦ a  f  ( 5 ( t B+l ))
where At i s  t h e  t im e  s t e p  and t  = n A t .  The e r r o r  i n  t h i s  t im e  i n t e g r a ­
t i o n  scheme can e a s i l y  be seen  t o  be D(At^) by  compar ison  w i t h  t h e  T ay lo r
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a e r i e a  f o r  t h e  I n t e r v a l :
x [ t  + a t )  = x < t ) +- a t r ( x { t  +
= x< t  > + At
= X ( t )  + At
Thus  t h e  t h i r d  o r d e r  e r r o r  i s  a b o u t  The s t a b i l i t y  o f  t h e  code ie
q u i t e  n e n n i t i v e  t o  t h e  t i r r .e s tep ,  w h i l e  t h e  a c c u r a c y  I s  l e s s  so -  As w i l l  
b e  s e e n  i n  s u b s e q u e n t  s e c t i o n s s two d i m e n s i o n a l  MhE s y s t e m s  when dom ina ted  
by  t h e  n o n l i n e a r  i n t e r a c t i o n s  have  a  s t r o n g  t e n d e n c y  t o  p r o d u c e  s m a l l  s c a l e  
{ h ig h  k )  e x c i t a t i o n .  S in c e  th e  t y p i c a l  f r e q u e n c y  can  be t a k e n  a s ,  say
I r^ ' IJ c | V [ k } | ,  i t  i s  c l e a r  t h a t  non n e g l i g a b l e  h i g h  k a m p l i t u d e s  can  h a v e  h ig h  
f r e q u e n c y  c o m p o n en t s .  U n less  At < | v ( k ] |  | I f ° r  e-II K t h e  code may
b ecam e  s u b j e c t  t o  e x p o n e n t i a t i n g  n u m e r i c a l  i n s t a b i l i t i e s .  R a t h e r  t h a n  
u s i n g  a n  a u t o m a t i c a l l y  v a r i a b l e  t i m e s t e p ,  i n  t h e s e  s t u d i e s  t h e  t i m e s t e p  
was h e l d  f i x e d  f o r  g i v e n  r u n s ,  b u t  h a l v e d  when i n s t a b i l i t i e s  w e re  s e e n .
The  a c c u r a c y  o f  t h e  c o d e ,  measured by i t s  a b i l i t y  t o  m a i n t a i n  t h e  v a l u e s  
o f  t h e  c o n s e r v e d  q u a n t i t i e s  ( d i s c u s s e d  in C h a p t e r  I I I )  r e m a in s  b e t t e r  t h a n  
1 / 2 $  f o r  d i m e n s i o n l e s s  t im e s  (A l f v e n  t r a n s i t  t i m e s  o f  u n i t  d i s t a n c e )  up 
t o  "Uo i n  t h e  a b s e n c e  o f  n u m e r ic a l  i n s t a b i l i t i e s ,  w h ic h  a r e  p r o m p t l y  d e -  
t  a c t a b l e .
c p u  m in u tes  t o  compute 500 t im eE tep s  on th e  W il l i a m  an d  Mary IBM 370 /1  
P r o v i s i o n s  are b e i n g  made to  implement a s im i la r  co d e  on t h e  NASA-LRC
A g r i d  s i z e  o f  (6U) c e l l s  I s  u sed  c o r r e s p o n d i n g  t o
3 1 < (k  o r  h )< 3 2 .  With  t h i s  g r i d  and At = (256)  t h e  code r e q u i r e s  lU t
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STAR-100A. By v i r t u e  o f  i t s  v e c t o r  p r o c e s s i n g  h a rd w are  a n d  t h e  ad v en t  
o f  a comp a t  i b i s  two d im e n s io n a l  FFT * a speed  up  f a c t o r  o f  50 t o  100 
i s  a n t i c i p a t e d  which w i l l  a l lo w  l a r g e r  g r i d s  and R ey n o ld s  numbers  t o  be 
UBed in  f u t u r e  c a l c u l a t i o n s .
S in c e  n i l  t h e  F o u r i e r  c o e f f i c i e n t s  a r e  a v a i l a b l e  a t  each  t i m e -  
s t e p ,  t h e y  a r e  r e c o r d e d  on t a p e  a t  r e g u l a r  i n t e r v a l s  f o r  d i a g n o s t i c  p u r ­
p o s e s .  Time e v o l u t i o n  p l o t s  o f  v a r i o u s  f u n c t i o n s  c an  h e  c o n s t r u c t e d  from 
t h e s e  c o e f f i c i e n t s ,  a s  w e l l  as modal energy  s p e c t r a l  p l o t s ,  and  c o n t o u r  
p l o t s  o f  c o n s t a n t  a ,  j , and W.
While t h e  im p le m e n ta t io n  o f  t h e  C a l e r k i n  a p p r o x i m a t i o n  and t r a n s ­
form t e c h n i q u e s  in  p e r i o d i c  g eo m e t ry  y i e l d s  an a c c u r a t e  and  e l e g a n t  numer­
i c a l  scheme, t h i s  r e q u i r e s  c e r t a i n  compromises in  t h e  p h y s i c s .  S in c e  
a ( k )  i s  chosen  as t h e  fundam en ta l  m agne t ic  q u a n t i t y ,  and  a ( k )  = + j { k ) / k  , 
t h e  a v e r a g e  v a l u e s  (k  = 0 components]  o f  t h e s e  q u a n t i t i e s  must be a e r o  
in  o r d e r  t o  have a  p e r i o d i c  s y s te m .  To make t h e  u n p e r t u r b e d  f i e l d  c o n ­
f i g u r a t i o n  p e r i o d i c  two s h e e t  c u r r e n t s  a r e  r e q u i r e d ,  one i n t o  t h e  xy 
p l a n e  and  one o u t  o f  i t ,  They a r e  chosen  t o  he  c e n t e r e d  a t  y -  n /2  and 
y = r e s p e c t i v e l y . The two s h e e t s  do a c t  on e a c h  o t h e r  t o  some d e g r e e ,
a s  do e ac h  o f  them i n t e r a c t  w i th  t h e  s h e e t s  in  s u r r o u n d i n g  c e l l s ,  b u t  i t  i s  
b e l i e v e d  t h a t  by k e e p in g  t h e i r  s e p a r a t i o n  l a r g e  compared w i t h  t h e i r  t h i c k ­
n e s s ,  t h e  e v o l u t i o n  i s  no t  s i g n i f i c a n t l y  d i f f e r e n t  t h a n  what would h e  e x ­
h i b i t e d  i n  i s o l a t i o n .
I n i t i a l  c o n d i t i o n s  f o r  a l l  runs  a r e  o b t a i n e d  by c o n s t r u c t i n g  
a p p r o x i m a t i o n s  t o  a  s h e e t  c u r r e n t  d i s t r i b u t i o n  w h ich  i s  in d e p e n d e n t  o f  jc 
and p r o p o r t i o n a l  t o  G{y -  u /2 )  -  6 (y  -  3tt/ 2 ) ,  Only a  f i n i t e  number o f
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F o u r i e r  c o e f f i c i e n t s  may be r e t a i n e d ,  so t h e  s i m u l a t e d  c u r r e n t  d l s t r i b u -  
t i o n e  have a  f i n i t e  t h i c k n e s s .  On t h e  (6^)  g r i d  t h e  c u r r e n t  s h e e t s  a r e  
ab o u t  fo u r  c e l l s  v i d e  a s  can be seen  i n  f i g u r e  I I - l .  The c u r r e n t  s h e e t s  
a r e  r e p r e s e n t e d  by F o u r i e r  modes w i th  It = 0 and  k -  +1, +3, « . . + 15.^ y
These  w i l l  be c a l l e d  t h e  " s h e e t  p in c h  modes",  and  a l l  o t h e r  m ag n e t ic  inodes
t h e  n o n - s h e e t  p in ch  modes.  F ig u r e  IT-2  shows t h e  s h e e t  p inch  m agne t ic
f i e l d  l i n e s .  T h is  c o n f i g u r a t i o n  has no c o u p l i n g  between F o u r i e r  inodes,
and w i l l  s im ply  decay due to  f i n i t e  r e s i s t i v i t y ,  t h e  h i g h e r  k modes d e -
2
cay in g  more r a p i d l y ,  bu t  each mode d e c a y in g  a s  exp ( - r |k  t ) .
N o n - t r i v i a l  development can be  i n i t i a t e d  by g i v i n g  t h e  n o n - s h e e t  
p in c h  modes s m a l l  I n i t i a l  v a l u e s .  These  s m a l l  v a l u e s  can be  e i t h e r  random 
n o i s e  d i s t r i b u t e d  among many o f  t h e  modes ( C h a p t e r s  IV and V),  o r  a sm al l  
s u b s e t  of n o n - s h e e t  p in ch  modes can be s e l e c t i v e l y  enhanced  i n i t i a l l y  
( C h a p te r  V I ) .  F i g s .  I 1-3  and I I - l  show t h e  s t a n d a r d  i n i t i a l  s h e e t  p inch  
c o n f i g u r a t i o n ,  f i e l d  l i n e s  and c u r r e n t  c o n t o u r s ,  r e s p e c t i v e l y ,  f o r  th e  
random n o i s e  c a s e .  From t h a t  p o in t  on,  th e  deve lopm ent  i s  complex and  non­
l i n e a r ,  and we t u r n  t o  an a n a l y s i s  o f  what i s  e x p e c t e d ,  and then  t o  a 
d e s c r i p t i o n  o f  t h e  r e s u l t s .
I I I .  TURBULENCE THEORY AND THE SHEET PINCH
As im p l i e d  p r e v i o u s l y ,  t h e  v iew p o in t  a d o p te d  here  i e  t h a t  mag* 
n e tohydrodynam ic  flows a t  high Reynolds  numbers a r e  i n h e r e n t l y  t u r b u l e n t .  
Even q u i t e  r e g u l a r  i n i t i a l  c o n d i t i o n s  t end  t o  ev o lv e  in  a way which c r i t ­
i c a l l y  depends  oh t h e  n a t u r e  o f  t h e  somewhat i r r e g u l a r  sm al l  s c a l e  n o t i o n s  
i n d u c e d  by t h e  n o n l i n e a r  I n t e r a c t i o n  te rms in  t h e  f l u i d  e q u a t i o n s .  C l a s s i ­
c a l  H av ie r -S to K en  t u r b u l e n c e  th e o ry  has y i e l d e d  many r e s u l t s ,  which a re
17w e l l  t r e a t e d  in a  volume by Panchev and ail e x c e l l e n t  s e t  o f  rev iew
30l e c t u r e c  by O rszag .  The u t i l i t y  o f  t h e  F o u r i e r  r e p r e s e n t a t i o n  was f i r s t
39p o i n t e d  ou t  by Lee ,  who noted t h e  e x i s t e n c e  o f  a  L i o u v i l l e  theorem  in  
t h e  p h a s e  space  o f  t h e  r e a l  and im ag ina ry  p a r t s  o f  t h e  F o u r i e r  a m p l i t u d e s ,  
in  t h e  p e r f e c t  f l u i d  c a s e .  T u rbu lence  t h e o r y  u s u a l l y  examines flow p r o ­
p e r t i e s  i n  one o f  t h r e e  s tanda rd  s i t u a t i o n s :  F i r s t  t h e r e  i s  t h e  p e r f e c t
f l u i d  c a s e ,  in  which t h e  above L i o u v i l l e  theorem a l l o w s  th e  c o n s t r u c t i o n  
o f  G i b b s - t y p e  d i s t r i b u t i o n  f u n c t i o n s  which depend on t h e  " r u g g e d 1* dyna­
m i c a l  i n v a r i a n t s ,  t h a t  i s ,  thoEe which s u r v i v e  a r b i t r a r y  l e n g t h  s c a l e  
c u t o f f s  i n  t h e  ex p an s io n  o f  the  dependen t  v a r i a b l e s .  S p e c t r a l  p r e d i c ­
t i o n s  f o l l o w  a t  once from th e se  Gibbs ensem ble s .  These  t h e o r i e s  have been 
d e v e l o p e d  by K r a i c h n a n , ^  F r i s c h ,  e t . n l , ^  und Montgomery, e t , a l  ,^9*30 ,31 ,  
and  o t h e r s .  The second s ce n a r io  o f  t u r b u l e n t  f low i s  t h e  f o r c e d - d i s s i p a t i v e  
s t e a d y  s t a t e  f l u i d .  Here th e  flow i s  fo r c e d  a t  an i n t e r m e d i a t e  wavenmnber, 
and c a s c a d e s  d e v e lo p  which have c h a r a c t e r i s t i c  e x p o n e n t s  d e t e r m in e d  by d i ­
m e n s i o n a l  a n a l y s i s ,  t h e  above th e o r y  o f  rugged i n v a r i a n t s ,  and  c e r t a i n
20
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^2a rg u m e n ts  a t t r i b u t a b l e  t o  Kolmogorov. The t h i r d  t y p i c a l  v i e w p o i n t  i s  
t h a t  t h e  f l u i d  i s  f r e e l y  d e ca y in g  in  t h e  p r e s e n c e  o f  d i s s i p a t i o n ,  h a v in g  
s t a r t e d  from a s p e c i f i e d  i n i t i a l  c o n f i g u r a t i o n .  T h i s  i s  c l e a r l y  a p p r o ­
p r i a t e  c a t e g o r y  f o r  t h e  p r e s e n t  work ,  S i n c e  t h e  model i s  t w o - d i m e n s i o n a l  * 
t h e  i n v a r i a n t s ,  c a s c a d e s ,  e t c .  f o r  two d im e n s io n a l  MHD t u r b u l e n c e  become 
r e l e v a n t  f o r  t h e  d i s c u s s i o n  o f  t h i s  s h ee t  p in c h  c o n f i g u r a t i o n ,  A r a t h e r  
com p reh en s iv e  r e v i e w  o f  two d im e n s io n a l  f l u i d  t h e o r y  by K ra ic h n an  and
ii?
Montgomery , i s  s c h e d u le d  to  a p p e a r .  The above a p p r o a c h e s ,  and some 
r e l e v a n t  r e s u l t s  w i l l  he reviewed h e r e  b r i e f l y  and d i s c u s s e d  w i t h  r e g a r d s  
t o  t h e i r  i n f l u e n c e  on t h e  sh ee t  p in c h  e v o l u t i o n  p rob lem .
The MUD e q u a t i o n s  in  F o u r i e r  r e p r e s e n t a t i o n ,  e q u a t i o n s  {8a) 
and ( 8 b ) ,  may h e  w r i t t e n  in  more s y m i e t r i c  form as
 ^ ~ S  M ^ C ^ p JM p  + r  -  k ) [ t 4 ? ) w ( p )  -  j f r ) j ( p ) ]  -  vik2w(k)
r TP
( 1 2 )
 ^ M {r,p)<5(p  + r  -  k) [ J ( r ) < 4 p )  -  w ( r ) j f p ) ]  - r ] k 2j ( J )3t +  -+ 2
r  iP
Here ,  5 = 1 i f  i t s  a rgument  i s  a e r o ,  and 6 = 0 o t h e r w i s e ,  and
, 1 ^ i —2 —2-iM1 ( r , p )  = £■ ea * ( r  x p) (P  “ r  )
f f  1 -  f -+■ ■►,,,£? -2 2 \M2 ( r , p )  = ^ x p) (k  r  p ]
12 a )
and a r e  c a l l e d  t h e  c o u p l in g  c o e f f i c i e n t s  and t h e  sums i n  which t h e y  
a p p e a r  a r e  t h e  c o n v o l u t i o n  s i t  m s .  These e q u a t i o n s  a d m i t  t h r e e  known 
,+r u g g e d hN i n v a r i a n t a ,
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t h e  e n e r g y T
- * Z ^ |a ) [k1 |2/ k2 + | Jtfe) | 2/ lts J  s § / d 2* < M  + B*S) (13a )
t h e  mean s q u a r e  v e c t o r  p o t e n t i a l ,
= ^  S  | j ( k ) | 2 / kU = |  J V x  a2 (13b)
and the cross  h e l i c i t y ,
.  1 /  utfk) . r c k l
2  ■ +  2 k k
i  r  2 +■» ,= ^  J  d 7 B'V ( 1 3 c )
The ru g g e d n e ss  o f  e , A and P means t h a t  t h e i r  i n i t i a l  v a l u e s  a r e  p r e ­
s e r v e d  in  t i tn e ,  r e g a r d l e s s  o f  what t h e  maximum vavenumter  r e t a i n e d  i s  
chosen  t o  be ,  A g e n e r a l  method o f  e s t a b l i s h i n g  ruggedness  f o r  q u a d r a t i c  
i n v a r i a n t s  was g iv en  by K r a i e h n a m . T h e  i n v a r i a n c e  o f  e ,  A and P a r e  
e a s i l y  shown in  x space i n t e g r a l  form. T hus ,  in t h e  i n f i n i t e - t e r m  
F o u r i e r  r e p r e s e n t a t i o n  they  a r e  a l s o  c o n s e r v e d ,  f o r  a r b i t r a r y  i n i t i a l  
c o n d i t i o n s .  An a l lowed i n i t i a l  c o n d i t i o n  i s  t h a t  one t r i a d  o f  modes,
-+ 4  + +  + 4
w i th  v a v e v e c t o r s  p ,  q* k a r e  e x c i t e d ,  v i t t i  p + q. + k = 0 .  S in ce  t h e
i + # 4 4  4
e q u a t i o n s  £ = P = A -  0 must be I d e n t i t i e s  f o r  any c h o ic e  o f  p t q ,  k ,
i t  fo l lo w s  t h a t  t h e  c o u p l in g  c o e f f i c i e n t s  must s a t i s f y  v a r i o u s  " t r i a n g l e  
i d e n t i t i e s 11. D e f in ing  M-^fr^pjk) = M1 ( r t p) 6 ( r + p -k )  and M ^ ( r , p ,k )  17 
M2 ( r , p )  0 ( r + p - k ) ,  we f in d  t h a t  th e  i n v a r i a n c e  o f  E, A and P f o r  a r ­
b i t r a r y  i n i t i a l  c o n d i t i o n s  r e q u i r e  t h e  e x i s t e n c e  o f  i d e n t i t i e s  such  as
M^rjpjk)  M^(p,k,rl  M2 ( k , r , p }
-  0
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k p r
In  a d d i t i o n ,  t h e  two d i m e n s i o n a l  MHD e q u a t i o n s  become t h e  two d im en­
s i o n a l  N a v i e r - S t o k e s  e q u a t i o n s  if* a l l  J ( k )  = 0 .  I n  t h i s  c a s e ,  t h e
e n e r g y  C = |  ^  ^  | w f k ) | a n d  t h e  mean s q u a r e  v o r t i e i -
k
1 f  2 2 l /  + p
t y  f o r  e n s t r o p b y )  fl = — I u d * * -  ‘ qp* | k ) | a r e  c o n s e r v e d ,  a n d
k
a r e  r u g g e d .  The fundam en ta l  t r i a n g l e  i d e n t i t y  c o r r e s p o n d i n g  t h e  
e n s t r o p h y  i n v a r i a n c e  i s
M^( r , p , k)  + H ( k , r , pJ + M1 ( p , k , r )  = 0
T h e s e  i n v a r i a n c e  p r o p e r t i e s  may o f  c o u r s e  be v e r i f i e d  d i r e c t l y ,  u s i n g  
e x p l i c i t  v a l u e s  o f  t h e  c o u p l in g  c o e f f i c i e n t s ,  s i n c e  a l l  rugged  I n v a r ­
i a n t s  must r e f l e c t  t h e i r  s t r u c t u r e  i n  t e r m s  o f  a l g e b r a i c  s y m m etr ie s  o f  
t h e  M ' s ,
The i n v a r i a n t s  E, A and P h a v e  been  u s e d  t o  c o n s t r u c t  a  Gibbs
£ 9e n s e m b l e  o f  t h e  form:  D "■ e x p [ -  C(E -  6P -  yAj,  The s p e c t r a l  p r e ­
d i c t i o n s  r e s u l t i n g  from t h i s  c a l c u l a t i o n  g i v e s  e n s e m b l e - a v e r a g e  e x p e c ­
t a t i o n  v a l u e s  f o r  modal q u a n t i t i e s ,  i n  a  t r u n c a t e d  F o u r i e r  r e p r e s e n t a t i o n ,  
T h e s e  a r e :
< m ) \ 2>  + ^  < | B f k ) | ? >  ( l f i a )
< | B ( k l | 2 >  = {a  + ^  ^  )~l  f l Ub)
k
2U
<S(S)-V(S)> = -  B/o < |S {J) |2 > 
< | a ( S ) | 2 >  = k-2 <]S(J) |2 >
( l ^ e  )
(ltd)
which a r e  e x p e c t a t i o n  v a l u e s  of modal  m ag n e t ic  e n e r g i e B ,  k i n e t i c  e n e r ~  
g i e s ,  c r o s s  h e l i e i t i e a  &nd v e c t o r  p o t e n t i a l s  , r e s p e c t  i v e l y .  I t  i s  im­
p o r t  a n t  to  n o t e  t h a t  t h e r e  i s  no l i m i t  of t h i s  t r e a t m e n t  in  w h ic h  t h e  
m a g n e t i c  energy  v a n i s h e s  w h i le  t h e  k i n e t i c  e n e rg y  d o e s  n o t .  S o ,  th e  
two t e m p e r a t u r e  N a v i e r - S t o k e s  G ibbs  d i s t r i b u t i o n  d e r i v e d  by K r a i c h n a n ^ 0^ 
c a n n o t  be r e c o v e r e d .  E q u a t io n s  ( l M  form e x p l i c i t  p r e d i c t i o n s  f o r  t h e  
t ime a s y m p t o t i c  t e n d e n c i e s  o f  t h e  t r a n s f e r  f u n c t i o n s  in  th e  MUD equa­
t i o n s .  To d e t e r m in e  a ,  B and y  sum over k i n  each o f  e q u a t i o n s  ( l U ) 
and demand t h a t  e q u a t i o n s  (13) be  s a t i s f i e d ,  w i th  e ,  A and p d e t e r m i n e d  
from t h e  i n i t i a l  c o n d i t i o n s .  The r e s u l t i n g  e q u a t i o n s  in  g e n e r a l ,  f o r  
l a r g e  c u t o f f  i n  vavenumber s p a c e ,  y i e l d  h ig h  d e g r e e  p o ly n o m ia l  e q u a t i o n s  
which must he s i m u l t a n e o u s l y  s o l v e d .  The r e a l i z a b i l i t y  c o n d i t i o n  on 
the  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  D, and  mode by  mode p o a i t i v i t y  
o f  t h e  terras i n  ( l b )  a r e  s u f f i c i e n t  to  r e n d e r  t h e  r o o t s  o f  t h e  e q u a t i o n s  
u n iq u e -  Computer p rogram s  have b e e n  w r i t t e n  t o  s o l v e  f o r  a ,  3 and  y  
g iv en  E, A and P in  t h e  WHD case  (and  Cl, & from £ and II t o  c a l c u l a t e
ard s h e e t  p inch  i n i t i a l  c o n f i g u r a t i o n  has o n l y  p e r t u r b a t i v e  v e l o c i t y  
f i e l d ,  i t  i s  c l e a r  t h a t  P ~ 0 and B ~ 0 in  t h e  s p e c t r a l  p r e d i c t i o n s .
in t h e  N a v i e r - S t o k e s  c a s e ) - S ince  o u r  s t a n d
have shown t h a t  i n  t h i s  r e g im e ,  f o r  l a r g e  enough c u t o f f
in F o u r i e r  s p a c e ,  i t  w i l l  always be  t h e  c a s e  t h a t
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i s  p e a k e d  a t  t h e  l a r g e s t  a e u l e s  and <^Kinetie  e n e r & j ^  < ^ m a g n e t i c  e n e r ­
g y ^  , I n  a d d i t i o n ,  a s  E/A -* 1 a l l  t h e  e x c i t a t i o n  In  t h e  s y s te m  becomes 
l o c k e d  i n t o  t h e  l a r g e s t  s c a l e  m a g n e t i c  m o d e s ,  a s  y  becomes  more n e g a t i v e .  
In f a c t ,  t h e  e q u i l i b r i u m  t h e o r y  p r e d i c t s ,  f o r  f i x e d  e = c  + e and  A,V a
t h a t  a s  t h e  k s p a c e  c u t o f f  g o e s  t o  i n f i n i t y ,  t h e  n o n l i n e a r  i n t e r a c t i o n
r e t a i n s  i t s  t e n d e n c y  t o  peak  t h e  e x c i t a t i o n  a t  ■ Here  t h i s  i s  shown
f o r  t h e  P = 0 c a s e .  F i x i n g  E and A and l e t t i n g  k -+ "  so t h a t  t h e  num-max
2b e r  o f  modes r e t a i n e d  H ~ 2 it k a l s o  ■+ " ,  we may f i n d  t h e  l i m i t i n gmax
b e h a v i o r  o f  t h e  ensem ble  p r e d i c t i o n s ,
= / i  +
and
e ( k )  + e n (k}
. ^ 22 +  2  k y+ctk
For f i n i t e  k i n e t i c  e n e r g y ,  N(2a) ^ a s  II -+ «*, i m p l i e s  t h a t  a  ■+■ +■ 00
To m a i n t a i n  t h e  p r e s c r i b e d  A, i t  must a l s o  be  t h a t  y  ■+ -  "  in  s u ch  a
way t h a t  y  + ak  , -+■ n(2A) ^ where  n i s  t h e  number o f  modes w i t hmin
2 2 i-*-ik = k . . Then t h e  k = k , t e rm s  i n  t h e  mean s q u a r e  v e c t o r  p o -min 1 min
2 2t e n t i a l  sum c o n t r i b u t e  e x a c t l y  A and a l l  k > k , t e r m s  c o n t r i b u t emin
? e r o .  A l l  t h e  v e c t o r  p o t e n t i a l  I s  l o c k e d  i n t o  t h e  l a r g e s t  s c a l e  modes.  
The l i m i t i n g  p r o c e s s  I s  c o m p le ted  by n o t i n g  t h a t  f o r  l a r g e  k t h e  sums 
in  t h e  d e f i n i t i o n  o f  e may be  r e p l a c e d  by i n t e g r a l s ,  so t h a t  t h e  c o n t r i ­
b u t i o n  f rom t h e  u p p e r  l i m i t s  become
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Kmax
£ J  2kk dk _ 2nk ^ _ N
Kmax
en ~ f  k 2nk dk M
J  “  2aY+ak
Thus t h e  h igh  k m agne t ic  and k i n e t i c  e n e r g i e s  a r e  s t i l l  p r e d i c t e d  t o  he
equlpnrtitinned- Nov, the recult for A Implies that will contain
k . c o n t r i b u t i o n s  so t h a t  min
EB -  k , n i n 2  A +
ev = N f2a ) -1 
So, t h e  a p p r o p r i a t e  l i m i t  f o r  & i a
N&-1 -+ e -  k . A min
a s  N + o r ,  a  + tl (E -  k , ^ A) while  Y ^  nA -  Nk , ^ ( g -  k . ^A)min min min
The r e s u l t  i s  t h a t  f o r  an i n f i n i t e  number o f  F o u r i e r  modes r e t a i n e d  in  
t h e  n o n d i s a i p a t i v q  model,  t h a t  t h e  v e c t o r  p o t e n t i a l  w i l l  a s y m p t o t i c a l l y
become lo c k ed  i n t o  t h e  lowest  k modes,  a long w i t h  a  m ag n e t ic  energy  o f
2k . A. The r e s t  o f  th e  energy i s  p r e d i c t e d  t o  be  h a l f  k i n e t i c  and min r
h a l f  m a g n e t i c ,  b e i n g  e q u a l ly  d i s t r i b u t e d  w i th  i n f i n i t e s i m a l  a m p l i tu d e  
among t h e  rem a in in g  ( i n f i n i t e  number o f )  modes,
R e tu rn in g  to  th e  f i n i t e  kmftX c a s e ,  r e l e v a n t  to  com pu te r  simu­
l a t i o n ,  th e  Eero c r o s s  h e l i e i t y  p r e d i c t i o n  i s  t h a t  ^ | v ( k ) f 2^  = a  ^ so 
i t  i s  ex p ec te d  t h a t  u n le s s  a  -+ 01 f o r  a  p a r t i c u l a r  i n i t i a l  c o n d i t i o n ,
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t h e  n o n l i n e a r  te rm s  In  t h e  M1E e q u a t i o n s  v i l l  a t t e m p t  t o  e q u l p a r t i -  
t i o n  k i n e t i c  energy  among a l l  modes. T h i s  o b v i o u s l y  may c a u s e  d i f f i ­
c u l t y  i n  c a s e s  where t h e  d i s s i p a t i o n  c o e f f i c i e n t s  n and \> a r e  no t  l a r g e  
enough t o  p r e v e n t  k i n e t i c  e x c i t a t i o n  from r e a c h i n g  th e  b o u n d a r i e s  o f  
k s p a c e  i n  s u b s t a n t i a l  amounts .  I f  t h e  f i e l d s  a r e  no t  w e l l  c o n f in e d  
away from t h e  b o u n d a r i e s  o f  K s p a c e » t h e  r e s u l t s  o f  th e  s i m u l a t i o n  a r e  
d o u b t f u l l y  p h y s i c a l  and a l s o  n u m e r ic a l  i n s t a b i l i t i e s  a r e  l i k e l y  t o  be  
enhanced* I t  sh o u ld  be  no ted  t h a t  t h e  e q u i l i b r i u m  ensemble  r e s u l t s  
h e r e  o u t l i n e d  a r e  i n t e n d e d  t o  be  a p p l i c a b l e  t o  i s o t r o p i c  t u r b u l e n c e ,  
in  which t h e  ensemble  a v e r a g e  o f  any v e c t o r  q u a n t i t y  must be  z e r o ,  a t  
any p o i n t  in  x o r  k s p a c e .  Thus ,  f o r  example
< E { x , t ) >  = 0
and
< B ( k , t ) >  ^ 0
f o r  i s o t r o p i c  t u r b u l e n c e .  The Eheet p i n c h  i n i t i a l  c o n d i t i o n s  a r e  h i g h l y  
a n i s o t r o p i c .  I n  t h e  d i s c u s s i o n  o f  th e  s i m u l a t i o n s  i t  w i l l  be  shown 
t h a t  t h i s  a n I s o t r o p h y  does  no t  d i s a p p e a r .
In  f o r c e d ,  d i s s i p a t i v e  f l u i d  s y s t e m s ,  r e g u l a r i t i e s  a r e  ob­
s e r v e d  which a p p e a r  t o  depend on th e  n o n d i s s i p a t i v e  i n v a r i a n t s  o f  t h a t  
s y s t e m .  The most famous o f  t h e s e  i s  t h e  Kolmogorov k l a w ,  which may 
be  q u i c k l y  d e r i v e d  by assuming t h a t  t h e  o m n i d i r e c t i o n a l  e n e r g y  spec t rum  
o f  a  t h r e e  d i m e n s i o n a l  N a v ie r - S to k e s  f l u i d  i s  a  f u n c t i o n  o n l y  o f  t h e  
wavenumber and t h e  t o t a l  r a t e  o f  d i s s i p a t i o n  o f  e n e r g y .  D im e n s io n a l
r M t £]. / o
a n a l y s i s  t h e n  shows t h a t  e(K) - k~ ' | e |  * Energy  in  a  3 - d  o r d i n a r y
f l u i d  t e n d s  t o  f low  t o  s m a l l e r  l e n g t h  s c a l e s  w i t h  z e ro  d i s s i p a t i o n .  The
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J u s t i f i c a t i o n  o f  t h e  Kolmogorov l a v  can be summarised by t h e  f o l ­
lowing .  The I n e r t i a l  range  i s  d e f i n e d  a s  a r a n g e  o f  wavenumber k 
which l a  such t h a t
kMl n  «  kF "  k «  “d
where k j  i s  de te rm ined  by b o u n d a r i e s ,  k^ i s  t h e  t y p i c a l  f o r c i n g  
wavenumber and i s  t h e  d i s s i p a t i o n  wavenumber,  a t  which th e  e x c i t a ­
t i o n  i s  d i s s i p a t e d .  In t h e  i n e r t i a l  r a n g e ,  in s t e a d y  s t a t e ,  t h e  
energy  spec t rum  E( k ) ,  where E = J dkE( k) ,  i s  assumed i n s e n s i t i v e  t o  t h e  
b o u n d a r i e s ,  t h e  method o f  f o r c i n g ,  and t h e  m agn i tude  o f  t h e  v i s c o s i t y .
Then E(k)  can depend o n ly  on t h e  r a t e  o r  energy  be in g  s u p p l i e d  (and d i s -
—5/3a i p a t e d )  and t h e  wavenumber i t s e l f .  The k r e s u l t  f o l l o w s  immedia te ­
l y  by d im e n s io n a l  a n a l y s i s .  T h i s  r e s u l t  may be ex tended  to  systems such 
a s  two d im e n s io n a l  MHD, which p o s s e s s  s e v e r a l  i n v a r i a n t s ,  which have 
d i f f e r e n t  i n t r i n s i c  k space  dependence .  By i n s p e c t i o n  o f  e q u a t i o n s  
( l M  i t  i s  c l e a r  t h a t  t h e  v e c t o r  p o t e n t i a l  sp ec t ru m  i s  peaked a t  l a r g e r
s c a l e s  t h a n  i s  t h e  magnet ic  energy  sp ec t ru m ,  f o r  a g iv en  s e t  o f  a ( k )
31 h i av a l u e s .  Dual c a scad es  * have  been p ro p o sed  fo r  such  s i t u a t i o n s ,  
w h e re in  mean s q u a r e  v e c t o r  p o t e n t i a l  i s  " i n v e r s e  ca sc ad e d '1 t o  s m a l l e r  
ks and m agne t ic  energy i s  d i r e c t l y  cascaded  t o  h i g h e r  ka ( w i th  r e s p e c t  
t o  t h e  f o r c i n g  wavenumber). The exponent f o r  t h e  i n v e r s e  casc ad e  ( i n  
t h e  lower  i n e r t i a l  r an g e )  fo l lo w s  by assuming t h a t  t h e  o m n i d i r e c t i o n a l  
m agnet ic  spec t rum  depends only  on t h e  wavenumber and t h e  r a t e  o f  mean 
s q u a re  v e c t o r  p o t e n t i a l  d i s s i p a t i o n .  Then i f  t h e  n o b - d i s s i p a t i v e  i n ­
v a r i a n t s  a r e  measured p e r  u n i t  m ass ,  and l e t t i n g  e = i t  fo l l o w s
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£■ —2dk S g t11) d im ens ions  L T so t h a t  th e  o m n i d i r e c t i o n a l
3 -*2m agne t ic  e n e rg y  spectrum £_(k]  has dimensions  L T . F u r th e r m o reP
Egfk} = 2 it k ^ | B { k ) | ^  = 2 tt k3 < ^ | a ( k } |^ ^  so a(k} haE d im e n s io n ­
a l i t y  L3T 1 and A (per  u n i t  mass) has dimension L^T- ^ .  T h e r e f o r e  * 
t h e  i n v e r s e  c a s c ad e  assumption becomes
s ‘k> - k“ l i l e
or  d i m e n s i o n a l l y
L2T-2  = L-Ct T~30
which y i e l d s  t h e  s o lu t io n
i t i
E (k) -  k I— I B ' d t '
< i . £> V —1+| m k ) |  /  ~ k s and a p p l i e s  fo r  
1 «  k << where 1 i s  th e  minimum wavenumber and k i s  t h e  f o r c i n g
wavenumber.  Likewise in t h e  r e g io n  k^ «  k << th e  " d i r e c t "  cascade
h y p o t h e s i s  i s
V k) '  k“  I a t  I
which y i e l d s  t h e  r e s u l t
, , - 5 / 3  | d £ | 2 /3
~ * IdT1
These r e s u l t s  have  been d e r iv e d  and d i s c u s s e d  by F y fe ,  e t . a l . 3 0 , sjid 
have  been  s u b j e c t e d  to  some com pu ta t iona l  v e r i f i c a t i o n . 31
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The t i m e  d e p e n d e n t ,  f r e e l y  decay ing  i n i t i a l  v a l u e  p rob lem  f o r  
an  MHD f l u i d  does  no t  s h a r e  w i th  t h e  above a p p r o a c h e s  e i t h e r  t h e  i n v a r ­
i a n c e  o f  E, A and P o r  t h e  a t e a d y - s t a t e  c a s c a d e  p o s s i b i l i t i e s .  However,
i s t i c  d i s s i p a t i v e  p r o p e r t i e s .  The n o n l i n e a r  t e r m s  i n  t h e  d i s s i p a t i v e  
e q u a t i o n s  (12} s t i l l  s h u f f l e  e x c i t a t i o n  among modes w i th  d i f f e r i n g  k 
v a l u e s ,  b u t  now each  mode, s ay  a ( k ) ,  in  t ime 6 t  s u f f e r s  a s e l f  decay
made. At th e  some i n s t a n t  t h e  mode i s  coupled  t o  a l l  o t h e r  modes t ion-  
l i n e a r l y ,  e x c e p t  t h o s e  d i s a l l o w e d  by th e  g e o m e t r i c a l  dependence  o f  th e  
c o u p l i n g  c o e f f i c i e n t s .  In t h e  e n su in g  complex e v o l u t i o n  t h e  d i n n i p a t i v e  
term i s  n o t  d i r e c t l y  r e s p o n s i b l e  f o r  any t r a n s f e r  o f  e x c i t a t i o n  he tw een  
l e n g t h  s c a l e s ,  n o r  i s  t h e  n o n l i n e a r  i n t e r a c t i o n  d i r e c t l y  r e s p o n s i b l e  
f o r  any  decay  o f  t h e  q u a n t i t i e s  E, A and F. In  f a c t  m u l t i p l y i n g  t h e  
f i r s t  o f  e q u a t i o n s  (12} by k_ 4^D# (k} » t h e  second by k ~ ^ J * ( k ) ,  a d d in g  and 
summing o v e r  k ,  g i v e s  t h e  o v e r a l l  energy  decay  r e l a t i o n
t h e  modal q u a n t i t i e s  | v ( k ) | ^ ,  [ B ( k ) | 2
,-k  . 2
(KJ|  may s t i l l  have c h a r a c t e r
rjk2a ( k ) f i t  which s h r i n k s  | a ( k ) | ^  b u t  does n o t  a f f e c t  t h e  phaEe o f  t h e  
where t h e  e n s t r o p h y  i s  fl
k
mean s q u a re  c u r r e n t
(1 5)
o r  m a g n e t ic  e n s t r o p h y  i s  ^ L ikew ise  i t  may e a s i l y  be
shown t h a t
d t  * - 2nEB -  - 2nE ( 16 )
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2F u r th e r m o r e t w i th  a minimum k o f  1 ,  a l l  h i g h e r  o r d e r  moments a re  
hounded from below by t h e  nex t  lower moment; t h a t  i s ,  ft >_ ^  i
Eg ^  A* Thus £ and A a r e  m o n o to n ic a l ly  d e c r e a s i n g  f u n c t i o n s  o f  t im e  
and,  f o r  a l l  t ,  | ~ |  > .
Mow s i n c e  dA/d t  i s  bound by i t s  i n i t i a l  v a l u e  f o r  f i x e d  q , 
i t  i s  c l e a r  t h a t
{1T>
Rut t h e  an a lo g o u s  r e s u l t  does no t  fo l lo w  im m edia te ly  f o r  ( l ^ ) .  The 
r e a s o n  i s  t h a t  ft and a r e  no t  g e n e r a l l y  "bounded by t h e i r  i n i t i a l  
va lues*  The n o n l i n e a r  te rms  tend  t o  t r a n s f e r  e x c i t a t i o n  in  k apace 
in  such a way as  t o  p r e s e r v e  e and A. Any m agnet ic  e x c i t a t i o n  a f k )
t r a n s f e r r e d  t o  h i g h e r  k ( s a y  from k to  p )  would no t  change  A b u t  would
2 2 +
i n c r e a s e  e by (p -  k ) a ( k ) .  T h i s  t r a n s f e r  must  t h e n  be accompanied 
by a "back  t r a n s f e r "  o f  enough e x c i t a t i o n  from K to  some q <■ k so  t h a t  
t h e  n e t  re a r ra n g em e n t  l e a v e a  E a l s o  i n v a r i a n t .  I t  i s  c l e a r  t h a t  aJ3
sm a l l  amount o f  mean sq u a re  v e c t o r  p o t e n t i a l  t o  l a r g e  k modes r e q u i r e s  
a much l a r g e r  back t r a n s f e r  t o  lower k modes.  Thus s i n c e  t h e  omni­
d i r e c t i o n a l  spec t rum  o f  i s  a lways peaked a t  a l a r g e r  v a lu e  o f  k t h a n  
i s  t h e  o m n i d i r e c t i o n a l  spectrum o f  A, one may conclude  t h a t  t h e  v e c t o r  
p o t e n t i a l  and m agnet ic  energy  have n a t u r a l  d i r e c t i o n s  o f  t r a n s f e r  d u r i n g  
n o n t r i v i a l  n o n l i n e a r  e v o l u t i o n :  Magnetic  v e c t o r  p o t e n t i a l  t e n d s  t o  be
back t r a n s f e r r e d  t o  l a r g e r  s c a l e s ,  and m agne t ic  energy tends  t o  be t r a n s ­
f e r r e d  t o  s m a l l e r  l e n g t h  s c a l e s .  How t h e r e  i s  no r e a s o n  f o r  t h e  q u a n t i ­
t i e s  ft and t o  be t r e a t e d  in  t h i s  f a s h i o n .  In  f a c t  s i n c e
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an
a t
2 p ^
k | m(k) j  + n o n l i n e a r  t e rm s
and
d t
M 2 1 ■+ 2 k | j t k ) |  + n o n l i n e a r  t e rm s
i t  i s  a p p a r e n t  t h a t  t h e s e  q u a n t i t i e s  may i n c r e a s e  o r  d e c r e a s e  i n  t ime-  
As v -+ 0 and  h + 0 th e  n o n d i s s i p a t i v e  model p r e d i c t E  ( in  t h e  aero
so t h a t  one might  imagine  t h a t  the  n o n l i n e a r  dynamics have  th e  c a p a c i t y  
o f  i n c r e a s i n g  th e  v a l u e s  o f  mean s q u a r e  v o r t i e i t y  and mean s q u a r e  c u r ­
r e n t  t o  v a l u e s  on th e  o rd e r  o f  t h e s e -  For p h y s i c a l  sy s tem s  w i t h  i d e n t i ­
c a l  i n i t i a l  c o n d i t i o n s ,  one may im agine  a  sequence  o f  f l o w s ,  w i t h  ever 
s m a l l e r  d i s s i p a t i o n  c o e f f i c i e n t s -  F o r  s m a l l e r  d i s s i p a t i o n  c a s e s ,  the  
e x e l t a t i o n  must aw ai t  t r a n s f e r  to  e v e r  l a r g e r  k v a l u e s  b e f o r e  d i s s i p a t i o n  
becomes i m p o r t a n t .  Th is  t r a n s f e r  i n d u c e s  a  back t r a n s f e r  o f  v e c t o r  po­
t e n t i a l ,  so t h a t  i t s  r e l a t i v e  decay i s  d im in i s h e d ,  s i n c e  t h e  s m a l l  k 
modes a r e  ve ry  s lowly  damped- ThuB a c o n j e c t u r e  may be  drawn f o r  two 
d im enE iona l  MHD flows t o  th e  e f f e c t  t h a t  th e  decay  r a t e  o f  e n e r g y  does 
n o t  v a n i s h  a s  n and v go t o  z e r o ,  b u t  r a t h e r  t e n d s  t o  a  f i n i t e  l i m i t  
s i n c e  ft and a r e  r e l a t i v e l y  enhanced by th e  s m a l l n e s s  o f  t h e  d i s s i p a ­
t i o n ,  However,  t h e  mean square v e c t o r  p o t e n t i a l  r i g o r o u s l y  approaches  
z e r o  d e ca y  a s  n -*■ 0.  This  s e l e c t i v e  d e ca y  h y p o t h e s i s ,  s t a t i n g  t h a t  fo r  
v a n i s h i n g l y  sm al l  d i s s i p a t i o n  two d i m e n s i o n a l  m a g n e t o f l u i d s  approach  
q u a s i - s t e a d y  s t a t e s  i n  which the  e n e rg y  decays  t o  i t s  minimum a l lowed 
v a lu e  c o m p a t ib l e  w i th  t h e  ap p ro x im a te ly  c o n s t a n t  mean s q u a r e  v e c t o r
c r o s s  h e l i o i t y  c a s e )  t h a t
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p o t e n t i a l  h a s  been  d e s c r i b e d  by Montgomery and T u r n e r  and by M a t th a e u s
o f  two d i m e n s i o n a l  N a v i e r - S t o k e s  f low s .  The n o t i o n  was e x t e n d e d  t o  em­
p h a s i z e  t h e  e x t r e m a l  n a t u r e  o f  t h e  r e s u l t i n g  s t a t e s  by B r e a t h e r t o n  and
o f  t h e s e  c o n j e c t u r e s ,  and r e l a t e d  n o n l i n e a r  s t a b i l i t y  a rg u m e n ts  , a s  r e ­
p o r t e d  by t h e  p r e s e n t  a u t h o r  in  R e f e r e n c e  U5 , a r e  b r i e f l y  r e v ie w e d  i n  
Appendix B.
A nothe r  a s p e c t  o f  t u r b u l e n t  MHD f l o v s  w hich  l a  o f  i n t e r e s t  i s  
t h e  q u e s t i o n  o f  i n t e r m i t t e n c y , I n t e r m i t t e n e y  may b e  d e f i n e d  f o r  a  gen ­
e r a l  t u r b u l e n t  f low  as  t h e  t e n d e n c y  f o r  t h e  f l o w  t o  d e v e lo p  s m a l l  s c a l e  
h i g h l y  t u r b u l e n t  a c t i v i t y  i n  c e r t a i n  l i m i t e d  r e g i o n s  o f  s p a c e ,  w i t h  
r e g i o n s  o f  low a c t i v i t y  i n t e r s p e r s e d , S in c e  t h e  e m a i l  s c a l e  s t r u c t u r e  
i s  c o n f i n e d  t o  a  sm al l  r e g i o n  o f  s p a c e  a t  any i n s t a n t  o f  t i m e ,  t h e  b u l k  
o f  t h e  d i s s i p a t i o n  a l s o  t a k e s  p l a c e  i n  a  s m a l l  f r a c t i o n  o f  t h e  f l u i d .  
Two d i m e n s i o n a l  MHD i s  supposed  t o  be  more i n t e r m i t t e n t  t h a n  two dimen­
s i o n a l  N a v i e r - S t o k e s  n o w ,  b u t  l e s s  t h a n  t h r e e  d i m e n s i o n a l  N a v i e r -  
S to k e s  f l o w . 2®1^  I n t e r m i t t a n c e  o f  a  t u r b u l e n t  f i e l d  a f x )  may be 
t h o u g h t  o f  i n  te rm s  o f  i t s  " f l a t n e s s "  F d e f i n e d  as
The b a s i s  o f  t h e  c o n j e c t u r e  i s  t o  be  found  i n  a n a l oand Montgomery
gous  s u g g e s t i o n s  by k r a i c h n a n and B a t c h e l o r
H aidvogel b9 i n  a  m e t e o r o l o g i c a l  c o n t e x t .  The n u m e r i c a l  work i n  s u p p o r t
where  t h e  b r a c k e t s  d e n o te  an a p p r o p r i a t e  a v e r a g i n g  p r o c e s s .  The f l a t n e s s  
o f  a  random v a r i a b l e  w i th  a  G auss ian  d i s t r i b u t i o n  o f  a{£)  i s  3 and  i f  i t
3^
d i f f e r s  a p p r e c i a b l y  from t h a t  v a l u e ,  one may deduce  t h a t  t h e  random
v a r i a b l e  has  enhanced p r o b a b i l i t y  o f  t a k i n g  on v e r y  l a r g e  and v e r y
smaJLl v a l u e s . ^  Thus i n t e r m i t t e n t  t u r b u l e n t  f i e l d s  t e n d  t o  have t h e i r
l a r g e  g r a d i e n t s  l o c a l i z e d  in  s p a c e .  I n q u i r y  a lo n g  t h e s e  l i n e s  has l e d
i n v e s t i g a t o r s  t o  q u e s t i o n  I f  tvo  d im e n s io n a l  magnetohydrodynamic flows
g e n e r a t e  s i n g u l a r i t i e s  i n  f i n i t e  t i m e .  P o u q u e t ^  has  d e r i v e d  some
t h e o r e t i c a l  i n d i c a t i o n  t h a t  t h i s  i s  so by use  o f  t h e  eddy damped q u a s i -
normal Markovian (EDQNM) a p p r o x im a t io n ,  which r e t a i n s  no phase  in for tna-  
2Bt i o n .  0 r3zag  has produced some n u m e r i c a l  e v id e n c e  o f  t h e  e x i s t e n c e  
o f  s i n g u l a r i t i e s .  In  each case  t h e  s i n g u l a r i t y  a p p e a r s  t o  show up as 
a  t endency  o f  t h e  q u a n t i t i e s  [J and t o  d i v e r g e  as  V + 0 and n -+ 0.
I t  seems t o  be  t h e  case  t h a t  no g e n e r a l  t h e o r y  e x i s t s  which p r e d i c t s  
t h e  s p a t i a l  co n fo rm a t io n  o f  th e  s i n g u l a r i t i e s  p ro d u c e d .  I t  i s  n o t  known 
i f  t h e  s i n g u l a r  s t r u c t u r e s ,  I f  fo rm ed ,  t e n d  to  be  c u r r e n t  s h e e t s  o r  f i l a ­
m e n t s ,  some o t h e r  m agne t ic  s t r u c t u r e ,  o r  p e rh a p s  v o r t e x  s t r u c t u r e s .
The s h e e t  p inch  d e s c r i b e d  i n  Chap te r  I I  l a  a  s i n g u l a r  s t r u c ­
t u r e  i f  an i n f i n i t e  number o f  modes i s  r e t a i n e d  in  t h e  expans ion  o f  
j  - <5(y _ ir /2) -  6(y -  3 i t / 2 } «  C l e a r l y  ™ f o r  an i n f i n i t e  number
^ oo
Yo f  modes r e t a i n e d  s i n c e  j  * ——  e o s ( 2 t  + l ] y ,  where t h e  m agnet ic
f i e l d  gges from to  a t  t h e  c u r r e n t  s h e e t s .  However,  and A a re
2f i n i t e ,  and In  t h e  l i m i t  o f  i n f i n i t e  k c u t o f f  t h e i r  r a t i o  becomes
* ^ = ! b l a  8
B _ A 2 * *■1t
30  t h a t  k^ ~ 1 ,1 0 2 ,  For t h e  s t a n d a r d  16  te rm  s h e e t  p in ch  used  i n  t h e  
s i m u l a t i o n s  d e s c r i b e d  h e r e ,  kg = l . o f i .  For such s m a l l  v a l u e s  o f  Eg/A
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t h e  K r a i c h n a n - G ib b s  e q u i l i b r i u m  d i s t r i b u t i o n s  p r e d i c t  s u b s t a n t i a l
2p e a k i n g  a t  s m a l l  v a l u e s  o f  k * T h i s  e f f e c t  becomeE more  p ro n o u n c e d
f o r  l a r g e r  k space  c u t o f f s ,  so  t h e  n o n l i n e a r  e v o l u t i o n  i n  t h e  i d e a l
c a s e  Ehould em phas ize  la r g e  s c a l e  a ( x}  and B(x)  s t r u c t u r e s . However,
t h e  mean s q u a r e  c u r r e n t  may s t i l l  grow t o  q u i t e  l a r g e  v a l u e .  S p e c i f i c
v a l u e s  o f  t h e  s p e c t r a l  p r e d i c t i o n s  w i l l  be  d i s c u s s e d  i n  C h a p t e r  IV*
The s p e c i f i c a t i o n  o f  a  r e g u l a r  s h e e t  c u r r e n t  s t r u c t u r e  a s  t h e  i n i t i a l
c o n d i t i o n s  r u l e s  o u t  t h e  i n t e r p r e t a t i o n  o f  t h e  s i m u l a t i o n s  a s  a t e B t  o f
t h e  d e v e lo p m en t  o f  l n t e r m i t t e n c y  in  t h e  u s u a l  s e n s e ,  s i n c e  t h e  i n i t i a l
c o n d i t i o n s  a r e  c e r t a i n l y  n o t  i s o t r o p i c ,  o r  even  homogeneous* However,
t h e  knowledge  o f  f a t e  o f  an a r r a y  o f  s h e e t  c u r r e n t s  may h e l p  d e t e r m i n e
w h a t  t h e  p r e f e r r e d  s i n g u l a r ,  i n t e r m i t t e n t  s t r u c t u r e s  a r e *
S i n c e  t h e  v a l u e  o f  1 b bo s m a l l  f o r  t h e  s h e e t  p i n c h ,  most
o f  t h e  e n e r g y  o f  t h e  f l u i d  s h o u ld  rem a in  l o c k e d  i n t o  t h e  l a r g e s t  s c a l e
m agn etic  modes.  S i n c e  th e  enEemble e x p e c t a t io n  v a l u e  o f  E^ i s  n o n - z e r o ,
b u t  P - 0 ,  i t  iE e x p e c t e d  t h a t  n o n l i n e a r  pumping o f  k i n e t i c  modes s h o u l d
2b e  s p r e a d  o v e r  k -  s p a c e ,  o u t  t o  v a l u e s  o f  k which a r e  i n h i b i t e d  by 
d i s s i p a t i o n .  The m a g n e t i c  sp ec t ru m  i s  e x p e c t e d  t o  be  b e t t e r  c o n f i n e d  
in  k s p a c e ,  in view  o f  t h e  OibbE p r e d ic t io n s  and t h e  d i s s i p a t i v e  e f f e c t s .  
The c o n f i n e m e n t  o f  most o f  th e  s h e e t  p in c h  e n e r g y  t o  t h e  s l o w l y  d e c a y ­
i n g  l a r g e  E cale  m a g n e t i c  modes oI eo im p l i e s  t h a t  t h e  r e s u l t i n g  h ig h  k 
a c t i v i t y  i s  l i m i t e d  by t h e  r a t e  o f  b a ck  t r a n s f e r ,  w h ic h  p r e s u m a b l y  s h o u l d  
y i e l d  a  s lo w  p r o c e s s *
As a f i n a l  comment b e f o r e  t u r n i n g  t o  t h e  r e s u l t s  o f  t h e  s imu­
l a t i o n s ,  i t  s h o u ld  b e  p o i n t e d  o u t  t h a t  most  o f  t h e  t h e o r y  d i s c u s s e d  i n  
t h i s  c h a p t e r  has  been  E t r i c t l y  a p p r o p r i a t e  o n l y  f o r  i s o t r o p i c  MHD
36
t u r b u l e n c e .  A p p a r e n t ly  r e g u l a r  i n i t i a l  f l o w s  may d e v e lo p  I n t o  f l o w s  
w i t h  i s o t r o p i c  c h a r a c t e r i s t i c s ,  p r o v id e d  t h e r e  i s  no i m p l i c i t  c o n s e r ­
v a t i o n  law which p r o h i b i t s  i t .  The d e g r e e  t o  which any  o f  t h e  above  
p r e d i c t i o n s ,  I n c l u d i n g  i s o t r o p i z a t i o n  i s  r e a l i z e d ,  must be l e f t  t o  t h e  
s i m u l a t i o n s  t o  d e t e r m in e .
IV. SIMULATION RESULTS: NONDISSIPATIVE CASE
The n o n d i s H ip a t iv e  s h e e t  p in c h  e v o l u t i o n  Ig s i m u l a t e d  by 
s e t t i n g  n = 0 and v -  0 i n  t h e  MHT e q u a t i o n s  in t h e  form o f  (0a)  and 
( 8 b ) ,  where t h e s e  e q u a t io n s  a r e  t a k e n  i n  t h e  s e n s e  o f  t h e  G a le r k in  
a p p r o x im a t io n  and th e  " s t a n d a r d "  i n i t i a l  c o n d i t i o n s  a r e  a p p l i e d .  I t  
ha s  a l r e a d y  been mentioned t h a t  p h y s i c a l  r e s u l t s  a r e  n o t  e x p ec te d  in 
t h i s  case* Not on ly  a r e  r e a l  f l u i d s  no t  i d e a l ,  b u t  a l s o  t h e  a e r o  d i s ­
s i p a t i o n  model poses  a c o n s i d e r a b l e  c h a l l e n g e  t o  t h e  n u m e r ic a l  t e c h ­
n iq u e .  N e v e r t h e l e s s ,  i t  i s  i n s t r u c t i v e  t o  d e s c r i b e  s i m u l a t i o n s  i n  which 
t h e  d i s s i p a t i o n  c o e f f i c i e n t s  a r e  Eero f o r  s e v e r a l  r e a s o n s :  ( i )  t h e  non­
l i n e a r  e v o l u t i o n  has  s e v e r a l  f e a t u r e s  I n  common w i th  t h e  f i n i t e  r | T v 
e a s e ;  ( i i )  t h e  d i f f e r e n c e s  may be q u a l i t a t i v e l y  e v a l u a t e d  and t h i s  may 
be i n t e r e s t i n g  s i n c e  t h e  l i m i t  n *  0 ,  v ■+ 0 i s  s i n g u l a r ;  and ( i i i )  the  
growth o f  d i s t u r b a n c e s  f o r  th e  s h e e t  p i n c h  i s  f r e q u e n t l y  d i s c u s s e d  as  
i t  were u n iq u e ly  a s s o c i a t e d  w i th  f i n i t e  n> which we s h a l l  see  i s  n o t  th e  
c a s e .
There  a r e  r e l a t i v e l y  few a c c u r a c y  checks  t h a t  may be a p p l i e d  
t o  an MHD code w i th  f i n i t e  wavenumber e u t o f f .  P robab ly  t h e  b e a t  one 
a v a i l a b l e  i s  t h e  p r e s e r v a t i o n  o f  the  g l o b a l  i n v a r i a n t s :  t h e  e n e r g y ,  £,
t h e  mean s q u a r e  v e c t o r  p o t e n t i a l ,  A, and t h e  c r o s s  h e l i e i t y ,  P.  The 
n o n d i s s i p a t i v e  e q u a t io n s  do no t  f a v o r  t h e  p e r s i s t e n c e  o f  sm a l l  wavenum­
b e r  e x c i t a t i o n  n e a r l y  as much as  do t h e  d i s s i p a t i v e  e q u a t i o n s .  The 
a l g o r i t h m  becomes much more s u s c e p t i b l e  t o  n u m e r i c a l  e r r o r  and
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i n t e r p r e t a t i o n a l  e r r o r  when v ■= n = 0* Even i f  n o n d i s B i p a t l v e  MHD 
f l u i d s  e x i s t e d *  th e  Galerkin  approx im a t ion  would he  u n l i k e l y  t o  ac ­
c u r a t e l y  r e p r e s e n t  them, s i n c e  e s p e c i a l l y  f o r  t h e  v e l o c i t y  f i e l d ,  
e x c i t a t i o n  f o r  v = p =■ 0 s p r e a d s  f u r t h e r  and t h i n n e r  over  k space
f o r  l a r g e r  v a l u e s  o f  th e  c u t o f f ,  k ■ I t  seems t h a t  h y p o t h e t i c a lmax
i d e a l  MHD f l u i d s  have an i n f i n i t e  d im ens iona l  p h ase  space dynamical ly  
a c c e s s i b l e  t o  them. However, t h e  d e t a i l e d ,  ’’ru g g e d ” n a t u r e  of t h e  con­
s e r v a t i o n  laws  ren d e rs  t h e  p r e s e r v a t i o n  o f  t h e  i n v a r i a n t s  i n  t h e  non-  
d i a s i p a t i v e  G a l e r k i n  model a  r e q u i s i t e  c o n d i t i o n  f o r  con f id en ce  in t h e  
r e s u l t s  o f  t h e  d i s s i p a t i v e  model.  S i m i l a r l y ,  t h e  i n s t a n t a n e o u s  a c t i o n  
o f  t h e  t r a n s f e r  func t ion  i s  i d e n t i c a l  f o r  th e  two models .  Thus, t h e  
s y s t e m a t i c  development  o f  t h e  MHD f l u i d  may have  s i m i l a r i t i e s  which 
p e r s i s t  f o r  some t im e  in th e  d i s s i p a t i v e  and n o n d i s s i p a t i v e  [rodela.  
R a d i c a l  d i s s i m i l a r i t i e s  may a p p e a r  in  th e  e n e rg y  c o n t a i n i n g  nodes in  
t i m e s  on t h e  o r d e r  o f  the  g l o b a l  r e s i s t i v e  decay  t im e  ,
The sm al l  s c a l e  s t r u c t u r e s  h ave  a  sm a l le r  T^, and d i s s i m i l a r i t i e s  a re  
e x p ec te d  t o  show up a t  much e a r l i e r  t im es  in  t h e  h ig h  k spectrum. The 
p r e s e r v a t i o n  o f  rugged i n v a r i a n t s  i s  a l s o  a  t e s t  o f  numerical  s t a b i l i t y ,  
a s  d i s c u s s e d  in  Chapter I I I .
I n  t a b l e  IV-1, some r e l e v a n t  numbers a r e  c o l l e c t e d  f o r  a  l en g th y  
s i m u l a t i o n  w i t h  zero  d i s s i p a t i o n *  The Gibbs d i s t r i b u t i o n  te m p e ra tu re s  
have been c a l c u l a t e d  fo r  t h e  i n i t i a l  and l a t e r  t i m e s ,  and s e v e r a l  c h a r ­
a c t e r i s t i c s  o f  t h e  e q u i l i b r iu m  t h e o r y  a r e  compared w i th  t h e  s im u la t io n  
r e s u l t s *  The t e m p e ra tu res  and s p e c t r a l  p r e d i c t i o n s  a r e  a l s o  l i s t e d  f o r  
t h e  l 6  term s h e e t  p inch  w i th o u t  no ise*  A p e r t u r b a t i v e  magnet ic  energy 
( ‘n o i s e ’ ) o f  o n ly  .001 It hee been  added t o  a ’’z e r o t h  o r d e r "  shee t  p inch
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s t a t e  v i t h  e -  2.7^&9, a  -05^ p e r t u r b a t i o n .  The k i n e t i c  e n e r g y  p e r -D
t u r b a t i o n  has  a b o u t  2 /3  t h e  a m p l i t u d e  o f  t h e  m a g n e t ic  p e r t u r b a t i o n .
Doth a r e  c o n f i n e d  t o  k < 2 2 6 , and a r e  e q u i p a r t i t i o n e d  i n  t h a t  r e g i o n  
w i t h  p h a se s  c h o se n  randomly. L ikew ise  t h e  mean s q u a r e  c u r r e n t  p e r t u r ­
b a t i o n  i s  1*&£. I t  i s  no s u r p r i s e ,  t h e n ,  t h a t  T ab le  IV-1  shows t h a t  
t h e  s p e c t r a l  p r e d i c t i o n s  a r e  n o t  d r a s t i c a l l y  a l t e r e d  by t h e  added  n o i s e .  
The t a b l e  shows t h a t  th e  code p r e s e r v e s  t h e  i n v a r i a n t s  q u i t e  w e l l .  The 
e n e rg y  c o n s e r v a t i o n  e r r o r  b e i n g  .8$ and t h e  mean s q u a r e  v e c t o r  p o t e n t i a l  
e r r o r  b e in g  .1+$ when t  = 2U*it. This  c o r r e s p o n d s  t o  5000 t i m e s t e p s  w i t h  
t h e  t i m e s t e p  At = {256)  ^ f o l l o w e d  by 2500 t i m e s t e p s  w i t h  At = ( 5 1 2 ) 1 . 
The t i m e s t e p  was ha lved  a f t e r  5000 s t e p s  t o  improve t h e  a c c u r a c y .  The 
s i m u l a t i o n  f o r  t h e  500 s t e p s  a f t e r  t  = 5000 At had i n c u r r e d  an  e n e r g y  
e r r o r  o f  2 . 1 $ ,  so t h i s  p a r t  was r e c a l c u l a t e d  and e x t e n d e d  w i t h  t h e  s m a l ­
l e r  t i m e s t e p .  The Table  IV-1 a l s o  l i s t s  t h e  s p e c t r a l  p r e d i c t i o n s  o f
t h e  k -*■ <= c a s e  f o r  co m p ar i so n .  The a d d i t i o n  o f  t h e  n o i s e  d o e s  n o t  max
s u b s t a n t i a l l y  i n f l u e n c e  t h e  r e s u l t  t h a t  t h e  1 6 - t e rm  s h e e t  p in c h  e and  
A s p e c t r a l  p r e d i c t i o n  t h a t  -  07$ o f  t h e  t o t a l  e n e r g y  b e l o n g s  i n  t h e  
k = 1  m a g n e t ic  modes,  and - 6% o f  t h e  t o t a l  e n e rg y  i s  e x p e c t e d  t o  b e ­
come k i n e t i c  e n e r g y .  These p r e d i c t i o n s  a r e  a l s o  no t  s u b s t a n t i a l l y
2 2 a l t e r e d  in  t h e  k ■+ ® s p e c t r a l  law. However,  i f  t h e  k +  m max max
p r e d i c t i o n  i s  made fo r  t h e  d e l t a  f u n c t i o n  s h e e t  c u r r e n t  d i s c u s s e d  in  
C h ap te r  I I I  which have a l l  odd k v e c t o r  p o t e n t i a l  modes e x e c u t e d ,  t h eJr
2
p r e d i c t i o n  i s  f o r  B2$ o f  t h e  t o t a l  e n e rg y  in  k = 1  m a g n e t i c  modes and 
9$ k i n e t i c  e n e r g y .  F ig u r e  IV-1 ahows t h e  e v o l u t i o n  o f  s e v e r a l  b u l k  
q u a n t i t i e s  which c h a r a c t e r i s e  t h e  e v o l u t i o n  o f  t h e  s h e e t  p i n c h :  t h e
mean s q u a r e  p o t e n t i a l  A, t h e  mean s q u a r e  c u r r e n t  which  w i l l  now be
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d e s i g n a t e d  as  J ( i n s t e a d  o f  1 ^ ) ,  t h e  t o t a l  mean k i n e t i c  energy  £v and 
t h e  m agnet ic  energy  in  t h e  n o n - s h e e t  p i n c h  modes e ^ f n e p ) .  Most o f  t h e  
e n e r g y  i s  I n i t i a l l y  and rem a ins  in  t h e  s h e e t  p in e h  modes; s u b t r a c t i n g  
I t  b e f o r e  p l o t t i n g  E^(nsp) makes t h e  a c t i v i t y  more a p p a r e n t -
The I n i t i a l  n o n - s h e e t  p in c h  a m p l i t u d e s  a r e  t y p i c a l l y  down by 
a  f a c t o r  o f  < 10 ^ In m ag n e t ic  f i e l d  when compared w i t h  t h e  s h e e t  p in ch  
f i e l d *  During the  e a r l y  p a r t  o f  t h e  ran*  t h e  o v e r a l l  p i c t u r e  seems t o  
be  t h a t  o f  u n s y s te m a t i c  MHD a c t i v i t y .  C lo s e r  i n s p e c t i o n  r e v e a l s  t h a t  
t h e  t o t a l  magnet ic  energy  w i th  any g iv e n  k^ > 0 o s c i l l a t e s ,  a s  does  t h e  
t o t a l  k i n e t i c  energy  wi t h  t h e  same k^ .  The o s c i l l a t i o n s  o f  m ag n e t ic  and 
k i n e t i c  energy  f o r  each  k^ a r e  to  a good d e g re e  o f  a p p r o x im a t io n ,  ou t  o f  
phase  and have a p e r i o d  o f  a p p r o x im a te ly  ^ which I s  J u s t  th e
d im e n s l o n l e s s  Alfven  t r a n s i t  t ime o f  t h e  c h a r a c t e r i s t i c  d i s t a n c e  k^ 1 . 
Th i s  a p p ea rs  to be an i n t r i n s i c a l l y  l i n e a r  phenomenon, though o s c i l l a ­
t i o n s  w i t h  f requency  an I n t e g r a l  m u l t i p l e  o f  t h e  fundam enta l  A lfven  
f r eq u en cy  appea r  to  p e r s i s t  i n  Borne q u a n t i t i e s  th r o u g h o u t  t h e  run* The 
l i n e a r  problem I s  d i s c u s s e d  in  g r e a t e r  d e t a i l  In Appendix C* A f t e r  
s e v e r a l  t e n s  o f  t i m e s t e p s ,  some o f  t h e  F o u r i e r  modes b e g in  t o  grow 
r a t h e r  Blowly from t h e  u n s y s t e m a t i c  o s c i l l a t o r y  b e h a v i o r  a t  t h e  b e g i n n i n g .  
Th i s  a c t i v i t y  co r re sp o n d s  t o  m agnet ic  modes w i th  | k  | < 3 and k from 1
y *
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t o  about  h f and k i n e t i c  modes wi th somewhat l a r g e r  k v a lu e s  w i th
k ~ 1 t o  and k a c t i v i t y  i n  t h e  ap p ro x im a te  i n t e r v a l  3< ik |<12, The x y y
f i r s t  few hundred t im e  s t e p s  (one o r  two Alfven  t r a n s i t  t imes  o f  u n i t  
l e n g t h )  a r e  c h a r a c t e r i s e d  by a  r a t h e r  g r a d u a l  re a r ra n g em e n t  o f  t h e  e x c i ­
t a t i o n s  in  k space r a t h e r  t h a n  by any v e r y  d r a m a t i c  growth o f  t h e  b u lk
k l
p r o p e r t i e s  o f  the  m a g n e to f lu id .  A f t e r  s e v e r a l  hundred  t im e s t e p s ,  t h e  
modes in  th e  a c t i v e  r e g i o n s  of k apace  b e g in  t o  in d u ce  a c t i v i t y  on a
Tab le  IV-? diapl&ya r e l e v a n t  b u l k  q u a n t i t i e s  f o r  t h i s  run  a t  
t  = 0 ,  2 500 and ^ 0 0  t im es tep E .  F i g u r e s  TV-2 and IV-3  show th e  con ­
f i g u r a t i o n  t o  which t h e  magnetic f i e l d  l i n e s  shown i n  F igu re  TI-3 have 
evo lved  by 2000 and ii^GO t lm e a tep s ,  r e s p e c t i v e l y .  The fo rmat ion  o f  
magnet ic  i s l a n d s  i s  a p p a r e n t ,  though f i e l d  l i n e  p l o t s *  o r  con tou rs  o f  
c o n s t a n t  a ( x )  are  not a s e n s i t i v e  d i a g n o s t i c s  f o r  t h e  amount o f  t u r b u ­
l e n c e  t h a t  i s  a c t u a l l y  p re s e n t .  A much b e t t e r  i n d i c a t o r  i s  a  c o n to u r  
p l o t  f o r  c u r r e n t  J ( x ) - Since J = -  7 a* th e  h igh  k p a r t  o f  t h e  spec t rum 
Is  emphas ised  by p l o t t i n g  contours  o f  c o n s t a n t  J ,  F i g u r e  I I - t  shove 
th e  i n i t i a l  c u r r e n t  con tou rs*  c o r r e s p o n d i n g  t o  t h e  i n i t i a l  f i e l d  l i n e s  
in  F ig u r e  I I - 3 .  (Pandora no ise  i s  p r e s e n t  which keeps  t h e  c on tou rs  from 
being  p e r f e c t l y  s t r a i g h t . )  F igure  IV-li shovs c o n t o u r s  o f  c o n s ta n t  J a t  
t i m e s t e p  2000, r e v e a l i n g  what i s  a p p a r e n t l y  an u b i q u i t o u s  e f f e c t  f o r  
b o th  th e  d i s s i p a t i v e  and n o n d i s s i p a t i v e  r u n s  a l i k e :  a  1 f i l a m e n t a t i o n 1
or  c o n c e n t r a t i o n  o f  t h e  c u r r e n t  n ea r  a  a e r o  o f  t h e  m a g n e t i c  f i e l d  o f  
t h e  X -p o in t  v a r i e t y .  F igu re  IV-5 shows c o n s t a n t  c u r r e n t  con tours  a t  
t i m e s t e p  h^OO. Ky t h i s  t ime (see  T ab le  IV-2) th e  mean square  c u r r e n t  
has been a m p l i f i e d  by a  f a c t o r  o f  about 9 ,  having a t t a i n e d  about 60% 
o f  i t s  e q u i l i b r i u m  ensemble p r e d i c t i o n .  The two ' a v e r a g e 1 magnetic
k . 12 r e s p e c t i v e l y ,  hav ing  s t a r t e d  a t  1 . 0 3  and 1 . 0 0 ,  r e s p e c t i v e l y .  The 
r e d u c t i o n  i n  i s  n e ce s s a r y  i f  i3  t o  i n c r e a s e ,  s i n c e  both £ and
A muat be  c onse rved ;  t h i s  i s  th e  n o n - d i s s i p a t i v e  v e r s i o n  o f  th e  back
n o t i c e a b l e  l e v e l ,  and s y s tem a t ic  growth o f  e ( n s p ) ,  J ,  e t c , ,  s e t s  i n .n
wavenumber3 k. have reached  v a l u e s  o f  1.0^ and
!j2
t r a n s f e r  co ncep t  d i s c u s s e d  in  C h a p t e r  I I  and Appendix B. By t  = ^500 
t h e  s m a l l  s c a l e  c u r r e n t  has been a m p l i f i e d  enough f o r  t h e  s y s t e m a t i c  
s t r u c t u r e  a p p a r e n t  in  f i g u r e s  11-3 and IV-1* and th e  l o c a l i s e d  f i l a m e n -  
t a t i o n  in  f i g u r e  IV—U t o  have l a r g e l y  d i s a p p e a r e d .  The c u r r e n t  in  
f i g u r e  IV-5 seeriE t o  be a p p r o x im a te ly  homogeneous and i s o t r o p i c , so 
h i g h  k agreement w i t h  th e  Gibbs p r e d i c t i o n  may be a n t i c i p a t e d .  This  
f e a t u r e  o f  a n e a r l y  random c u r r e n t  d i s t r i b u t i o n  a t  l a t e  t i m e s  does  n o t  
a r i s e  f o r  f i n i t e  n and v .
Contours  o f  c o n s t a n t  i/r, o r  v e l o c i t y  s t r e a m l i n e s  a r e  shown i n  
f i g u r e s  IV-6 , IV-7 and IV-8 f o r  t i m e s t e p s  0 ,  2000 and Jl50Q r e s p e c t i v e l y .  
The i n i t i a l  random v e l o c i t y  i e  e q u i p a r t i t i o n e d  In e n e r g y  o v e r  i t s  k 
v a l u e s  , has a  = y i v T 1 -  1 0 ,  and c o n s t i t u t e s  only  ,03$  o f  t h e  t o t a l  
e n e r g y  o r  S/3 o f  t h e  t o t a l  p e r t u r h a t i v e  m a g n e t i c  f i e l d  e n e r g y .  The 
c h a r a c t e r i s t i c  f e a t u r e  o f  t h e  v e l o c i t y  s t r e a m l i n e s  a t  l a t e r  t i m e s ,  
which i s  a t  once a p p a r e n t  i s  a  ,T j e t t i n g " ,  o r  s h a r p  e x p u l s i o n  o f  m agne to -  
f l u i d  from t h e  two weak f i e l d  c o r n e r s  o f  t h e  same m a g n e t ic  x p o i n t  on 
w hich  t h e  c u r r e n t  f i l a m e n t  i s  c e n t e r e d .  The maximum s t r e a m i n g  v e l o c i t y  
i n  t h e  f l u i d  a t  t  = 2000 i s  2 .3  and a t  t  = h5Q0 i s  l , f l ,  where  t h e  v e l o ­
c i t y  i s  measured i n  u n i t s  o f  t h e  am bien t  A l fv e n  sp ee d .  The s t r e a m i n g  
v e l o c i t y  Is  somet imes  used  ae a  measure  o f  t h e  r e c o n n e c t i o n  r a t e ,  s i n c e  
t h e  e x p e l l e d  f l u i d  d rags  f i e l d  l i n e s  w i th  i t .  S in ce  t h e  f l u i d  e lem en ts  
a r e  r o t a t e d  by 9 0 * i n  t h e i r  e x c u r s i o n  t h r o u g h  th e  x p o i n t  r e g i o n ,  t h e  
downst ream r e g i o n ,  a long  t h e  o r i g i n a l  s h e e t s  o f  c u r r e n t ,  d e v e l o p s  enhanced  
B com ponen ts ,  which c a u s e s  t h e  w id en in g  o f  t h e  m agne t ic  I s l a n d s  c e n t e r e d  
a b o u t  t h e  0 - t y p e  n e u t r a l  p o i n t s .  As th e  i n l a n d s  grow, t h e  c u r r e n t  s h e e t  
i s  d i f f u s e d  and c o n v ec ted  outward  i n  t h e  y d i r e c t i o n  a b o u t  t h e  0 - p o i n t
U3
b e f o r e  t h e  random c u r r e n t s  o b scu r e  t h e  p i c t u r e .  L ikew ise  t h e  i s l a n d  
growth i s  accompanied by a f a n n in g  o u t  o f  t h e  plasma j e t ,  a p p a r e n t  in  
f i g u r e  TV-fl. The t ime c o u rse  o f  t h e  j e t t i n g  w i l l  he  f u r t h e r  d i s c u s s e d  
in  Chapter  IV, where i t  w i l l  be compared w i th  t h e  an a lo g o u s  d i s s i p a t i v e  
phenomenon. For now i t  w i l l  s imply  be no ted  t h a t  t h e  J e t t i n g  phenomenon 
a l s o  c h a r a c t e r i z e s  the  f i n i t e  n ,  v  c a s e s .
The s p e c t r a l  p r e d i c t i o n s  (T ab le  I V - l )  were mentioned above ,  
and e s p e c i a l l y  s in c e  t h e  e n s t r o p h y ,  ft and mean squa re  c u r r e n t  J  have 
reached  l a r g e  f r a c t i o n s  o f  t h e  Gibbs p r e d i c t i o n s ,  one may wonder how t h e  
s t a t e  reached  by t h e  end o f  t h i s  ru n  m igh t  compare w i t h  t h e  modal mag­
n e t i c  and k i n e t i c  energy  ensemble p r e d i c t i o n s .  The answer i s  t h a t  t h e  
p r e d i c t i o n  i s  not y e t  f u l f i l l e d ,  even though t ime ave raged  modal energy  
p l o t s  ( f i g u r e s  IV-9 and IV-1G) compare r e a s o n a b l y  w e l l  w i th  t h e  ensemble
p r e d i c t i o n s  ( s o l i d  l i n e  on p l o t s ) .  The modal energy  p l o t s  d i s p l a y  t h e
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average energy ill a l l  modes of a given type with t h e  same Value o f  k .
This  i s  a  r e a s o n a b l e  way to  d i s p l a y  t h e  r e l a t i v e l y  low k v e r s i o n  o f  t h e  
o m n i d i r e c t i o n a l  energy  s p e c t r a  d i s c u s s e d  in  Chapter  I I I ,  The r e a so n  
t h e  s t a t i s t i c a l  p r e d i c t i o n  13 n o t  f u l f i l l e d  i s  t h a t  s t r o n g  s p a t i a l  a n i s o ­
t r o p y  s t i l l  e x i s t s  and i s  o bscu red  in  t h e  p l o t s  by d i r e c t i o n a l  a v e r a g i n g .  
In p a r t i c u l a r ,  t h e  shee t  p in c h  m ag n e t ic  modes ( 0 , 1 ) ,  ( 0 , 3 ) ,  ( 0 , 5 ) ,  e t c .  
s t i l l  c o n t a i n  f a r  more e x c i t a t i o n  t h a n  do t h e i r  c o u n t e r p a r t  modes ( 1 , 0 ) ,  
( 3 , 0 ) ,  ( 5 , 0 ) .
The o v e r a l l  p i c t u r e  o f  t h e  n o n d i s s i p a t i v e  s h e e t  p in c h  e v o lu ­
t i o n  i s ,  t h e n ,  q u i t e  i n t e r e s t i n g .  The r e s t r i c t e d  amount o f  back  t r a n s f e r  
o f  v e c t o r  p o t e n t i a l  l i m i t s  sm a l l  s c a l e  m agnet ic  f i e l d  development and 
t o t a l  k i n e t i c  energy p r o d u c t i o n .  However s y s t e m a t i c  c u r r e n t  f i l a m e n t a t i o n
a t  m agnetic  X-po in ts  (and plasma J e t t i n g  away from them) d e v e lo p s  and
fa d e s  i n t o  a  background c h a r a c t e r i z e d  by t u r b u l e n t  p r o d u c t io n  o f  mean
s q u a r e  c u r r e n t  and v a r t i e i t y .  Though the  s y s t e m a t i c  a c t i v i t y  no longer
d o m in a te s  t h e  p i c t u r e  by 25  Alfven t r a n s i t  t i m e s ,  c o n s i d e r a b l e  i s o -
t r o p i a a t i o n  remains to  be done. The i n f i n i t e l y  t h i n  sh ee t  p in c h  s u f f e r s
th e  same type  o f  r e s t r i c t i o n  due t o  th e  s im u l tan eo u s  i n v a r i a n c e  o f  A
and In  a l l  p r o b a b i l i t y  most o f  t h e  i n t e r e s t i n g  dynamics have  been
acco m p l i sh ed  by 25 Alfven t im e s ,  though th e  complete  i s o t r o p i z a t i o n  o f
t h e  p e r i o d i c  sh ee t  p inch ,  i f  i t  o ccu rs  a t  a l l ,  a p p e a r s  to  r e q u i r e  a
p r o h i b i t i v e l y  long  t im e  t o  a c h ie v e .  Moat o f  t h e  c h o r e  o f  a t t a i n i n g  i e o -
£
t r o p y  i s  t h e  alow t r a n s f e r  of k = 1  magnet ic  energy from th e  ( 0 , l )  mode 
t o  t h e  ( 1 , 0 )  mode. The s i t u a t i o n  i s  o f  c o u r s e  no t  so c l e a r  c u t  fo r  th e  
d i s s i p a t i v e  e a s e ,  but t h e  c o n c lu s io n  t h a t  most o f  t h e  energy re m a in s ,  
f r a c t i o n a l l y  speaking in  t h e  l o n g e s t  wavelength  magnet ic  modes, p e r s i s t s ,  
an w i l l  be  seen in  Chapter V,
Hefore  le av in g  th e  n =■ V -  0 c a s e ,  i t  ia  t o  be  remarked tha t  
t h e  t r u n c a t e d  F o u r ie r  r e p r e s e n t a t i o n ,  even though i t  does no t  d i s s i p a t e  
e n e r g y ,  mean square  v e c t o r  p o t e n t i a l  q r  c roec  h e l i c i t y ,  doee n o t  con­
s e r v e  i n v a r i a n t s  ouch a s  t h e  p o in t  wise v a l u e s  o f  a ( x , t ) .  The v a r io u s  
" t o p o l o g i c a l  i n v a r i a n t s " ,  such as t h e  Alfven f l u x  i n v a r i a n t  a r e  no t  p r e ­
s e rved  by any f i n i t e - m a t h e m a t i c s  a p p rox im a t ion  to  t h e  continuum d e s ­
c r i p t i o n .  What t h e  g e n e r a l  i m p l i c a t i o n s  f o r  magnetohydrodynamies  may 
be i s  n o t  a l t o g e t h e r  c l e a r ,  bu t  c e r t a i n l y  i n  t h e  p r e s e n t  d e s c r i p t i o n ,  
t h e r e  i s  no n e ce s sa ry  con n ec t io n  between f i n i t e  r| and th e  phenomenon 
o f  " r e c o n n e c t i o n " .
V. SIMULATION RESULTS: FINITE REYNOLDS NUMBER CASE
S i m u l a t i o n s  u s i n g  i n i t i a l  c o n d i t i o n s  i d e n t i c a l  t o  t h o s e  d e s ­
c r i b e d  in  C h a p t e r  IV were c a r r i e d  ou t  f o r  s e v e r a l  c a s e s  In  which t h e  
d i s s i p a t i o n  i s  n o n - z e r o .  The r,l 6 - t e r m rf s h e e t  p i n c h  was i n i t i a l i z e d  w i t h  
n o i s e  in  a l l  " n o n - s h e e t 1' modes w i t h  k < The n o i s e  i s  t h e  same i n
a l l  m a g n e t i c  modes e x c i t e d ,  a s  i t  i s  fo r  t h e  r e l e v a n t  v e l o c i t y  modes,  
b u t  t h e  v e l o c i t y  modes have  a  l i t t l e  l e s s  energy*  Here ,  u n l i k e  t h e  n o n -  
d l s s i p a t i v e  c a s e ,  v b i c h  i s  known t o  have u n p h y a l c a l  p r o p e r t i e s ,  I t  i c  
hoped t h a t  t h e  o b s e r v ed  p r o c e s s e s  w i l l ,  by and  l a r g e ,  r e p r e s e n t  t h e  
p h y s i c s  o f  t h e  MHD s h e e t  p i nch* The above d e s c r i b e d  p e r t u r b a t i o n ,  and  
t r u n c a t e d  e x p a n s io n  o f  t h e  s h e e t  p in c h ,  were  chosen  in  t h e  hope t h a t  i f  
t h e  e x c i t a t i o n  i s  i n i t i a l l y  somewhat removed from t h e  k a p a c e  b o u n d a r y ,  
t h a t  i n h e r e n t  l a r g e  s c a l e  s p e c t r a l  t e n d e n c i e s ,  and  d i s s i p a t i v e  damping 
o f  h i g h  k modes , w i l l  a l l o w  t h e  d y n a m ic a l ly  r e l e v a n t  phenomena t o  b e
a c c u r a t e l y  r e p r e s e n t e d .  I t  s h o u l d  be  n o te d  t h a t  t h e  d e - a l i a s i n g  b o u n d a ry
2 2 i s  a t  k = 933 ,  w h i l e  t h e  n o n - d e a l i a s e d  maximum k i s  20t6* Thus t h e
l a r g e s t  wavenumber a c c u r a t e l y  r e p r e s e n t e d  i s  k -  30 t o  32. I t  i s  essen«- 
t i a l  t h a t  t h e  d i s s i p a t i o n  o f  t h e  system l a r g e l y  t a k e  p l a c e  w i t h i n  t h e  
box  i n  k - s p a c e .  I t  i s  p o s s i b l e  t o  c o n s t r u c t  d i s s i p a t i o n  vavenum bers  
w h ich  a r e  a  m e as u re  o f  t h e  l e n g t h  s c a l e  a t  w h ich  t h e  d i s s i p a t i o n  e f f e c ­
t i v e l y  t a k e s  p l a c e *  The k i n e t i c  and m a g n e t i c  d i s s i p a t i o n  wavenumbers k^ 
and  k^ nmy be  d e t e r m in e d  by assum ing  fo r  example  t h a t  k^ can  depend o n l y  
on t h e  r a t e  g f  decay dF m a g n e t ic  e n e r g y ,  a n d  t h e  r e s i s t i v i t y  n .  Then 
d i m e n s i o n a l  a n a l y s i s  y i e l d s
o r ,  u s i n g  e q u a t i o n  I 1 1 - 1 5 ,
\  -  | 2 J T f 2 | l A
Lik ew ise ,  t h e  kinetic? d i s s i p a t i o n  wavenumber i s
* = |v|-3 ^ | l A  = |2Bv"*|l A
V 1 d t  1 1 '
In p r a c t i c e ,  and. k^ may "be found from t h e  computed t ime r a t e  o f  change 
o f  t h e  e n e r g i e s ,  or  from th e  i n s t a n t a n e o u s  v a l u e s  o f  v c r t i e i t y  and mean 
s q u a r e  c u r r e n t . The above p r e s c r i p t i o n  a p p e a r s  t o  be nonunique Inasmuch 
as  a combined q u a n t i t y  such aa
k« .  , n- 3  2 a  + „ - 3  5 c ) i A
m ight  a l s o  be used* In  t h e  above ,  t h e  t im e  d e r i v a t i v e s  a r e  I n t e r p r e t e d  
as decay r a t e s ,  so m o d i f i c a t i o n  due  t o  t r a n s f e r  o f  energy  between v e l o c i t y  
and m agnet ic  f i e l d s  ha s  no t  been  t a k e n  i n t o  a c c o u n t .  In  t h e  s i t u a t i o n s  
o f  i n t e r e s t ,  such  m o d i f i c a t i o n s  o f  ky and k^ do n o t  make much d i f f e r e n c e ,  
so t h e  above d e f i n i t i o n s  a r e  u s e d .
T a b le  V-l  shows t y p i c a l  d i s s i p a t i o n  wavenumbers c a l c u l a t e d  from 
t h e  s i m u l a t i o n  r e s u l t s ,  which a r e  r e p o r t e d  h e r e  f o r  v  = n t a k i n g  on v a l u e s  
o f  .0 0 5 ,  .0025 and .001 ,  and f o r  a c a s e  w i th  v = 0 b u t  n = , 0 0 2 5 . I t  can 
be seen from t h e  t a b l e  t h a t  t h e  v = n c .0025 s i m u l a t i o n  h a s  k^ c l o s e  t o  
t h e  wavenumber boundary  f o r  t h e  x 6!j G a l e r k i n  a p p r o x im a t io n .  Thus 
t h i s  case  i s  a t  t h e  extreme l i m i t  o f  where t h e  code  might be th o u g h t
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acc u ra te *  The p ro s p e c t  of e x t e n d i n g  t h e  c a l c u l a t i o n s  t o  a  (126) g r i d  
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o r  even a  ( 2 5 6 ) g r i d  w i l l  “be d i s c u s s e d  in  C h a p t e r  VII* P r e s e n t l y ,  
however ,  t h e  ru n  w i th  v = n = .0 0 2 5  w i l l  he  t a k e n  a s  t h e  b e s t  compromise 
be tween i n t e r e s t i n g  physics  and num er ica l  a c c u r a c y .  The r a t h e r  c o n s i d e r ­
a b l e  s i m i l a r i t y  between the  r e s u l t s  v l t h  v  = n = .0025 and t h e  n o n d i s s i -  
p a t i v e  r e s u l t s  s t r o n g l y  s u g g e s t s  t h a t  no t  much w i l l  change  i f  t h e s e  
i n i t i a l  c o n d i t i o n s  a r e  run w i th  l a r g e r  g r i d s .  The v = n = .0025 r e s u l t s  
w i l l  fiDW be d i s c u s s e d  in  some d e t a i l ,  f o l lo w e d  by a  comparison with  t h e  
o t h e r  d i s s i p a t i v e  s i m u l a t i o n s .
A Simula t ion  w i t h  V -  .0025 and ri -  .0025 
Some f e a t u r e s  o f  t h i s  run  were s i m i l a r  t o  t h e  V = 0 = 0 .0  c a s e ,  
and o t h e r s  were  d r a s t i c a l l y  d i f f e r e n t .  F ig u re  V - l  shows th e  t ime h i s t o r ­
i e s  o f  t h e  same q u a n t i t i e s  as e x h i b i t e d  f o r  t h e  n o n d i s s i p a t i v e  case  in  
F ig u r e  I V - l :  A, J ,  Ei^  and c a t n a p } .  T o t a l  e n e r g y  and A b o th  decay mono-
t o n i c a l l y ,  a s  does t h e  mean s q u a r e  c u r r e n t  J .  T h e re  i s  a  growth o f  t h e  
m agne t ic  energy  in t h e  n o n -sh e e t  p in c h  modes, t h e  n a t u r e  o f  which i s  n o t  
e n t i r e l y  r e v e a l e d  by th e  p l o t s  o f  e^ f nap)  v s .  t i m e .  The i n i t i a l  p e r io d  o f  
r e l a t i v e  i n a c t i v i t y  a t  the  b e g i n n i n g  o f  t h e  n o n - d i s s i p a t i v e  run  i s  h e r e  
r e p l a c e d  by o v e r a l l  decay o f  t h e  t o t a l  energy i n  t h e  p e r t u r b e d  modes f o r  
a  p e r i o d  a f  abou t  GOO t i m e - e t e p s .  T h i s  decay i s  p re d o m in a n t ly  due t o  
s e l f - d e c a y  o f  t h e  h igh  k p e r t u r b a t i o n s ,  and i s  accompanied by I n c i p i e n t
growth o f  m agnet ic  modes w i th  k ~ 5 (k  -  1 t o  3 } | k |  < 3 )  and k i n e t i cy
modes w i th  a  l a r g e r  k  ^ 15- The v e l o c i t y  f i e l d  a c t i v i t y  I s  c l e a r l y  peaked  
away from k = 0 ,  w i th  i t s  maximum f o r  |k  | ■*. 15* T h i s  l e n g t h  c o r r e sp o n d sy y
r o u g h l y  t o  t h e  (2 c e l l ]  h a l f  v i d t h  o f  t h e  I n i t i a l  c u r r e n t  shee ts*  The
i+0
a c t i v i t y  o f  t h e  k i n e t i c  modes i s  a b o u t  t h e  asme aa  t h e  m a g n e t i c  modes.
At around 3 A l fv e n  t r a n s i t  t i m e s , t h e  s y s t e m a t i c  g ro w th  b e g i n s ,  w i t h  
EgCnEp) growing f o r  t h e  r em a in d e r  o f  t h e  r u n ,  w h ich  was 1 0 , 0 0 0  t i m e s t e p s  
i n  i t s  e n t i r e t y .  By t h e  end o f  t h e  r u n ,  t h e  g ro w th  o f  e Q(n sp }  i s  moreP
t h a n  a cc o u n te d  f o r  by a  s low t r a n s f e r  o f  t h e  [ 0 , 1 )  m a g n e t i c  energy  [ t h e  
f u n d a m e n ta l  s h e e t  p inch  mode) to  t h e  ( 1 , 0 )  m a g n e t i c  mode. I f  t h e  mag­
n e t i c  e n e rg y  in  t h e  ( 1 , 0 )  mode 1b s u b t r a c t e d  from e ^ f n s p ) ,  t h e  r e m a in d e r  
d e ca y s  by the  end o f  t h e  run .  F i g u r e  V-2 shows e ^ [ l t 0) and c a t n a p )  minus 
eB( l , 0 )  f o r  t h e  l a t e r  p a r t  o f  t h e  r u n .  I t  i s  a p p a r e n t  t h a t  a n y t h i n g  t h a t  
c o u ld  r e a s o n a b l y  be  c a l l e d  growth o f  t h e  i n s t a b i l i t y  has c e a s e d  by t h e  
e n d  o f  t h e  run.  The dynamical  phenomena r e m a i n i n g  t o  be a c c o m p l i s h e d  
seems t o  be  t h e  same i s o t r o p i z a t i o n  which I s  l a c k i n g  a t  t h e  end o f  t h e  
n o n - d i s s i p a t i v e  r u n .  The t i m e s c a l e  f o r  e q u i p a r t i t i o n  be tw een  t h e  [ 1 , 0 )
a n d  ( 0 , 1 )  modes may be  ex t re m e ly  l a r g e ,  i f  i t  o c c u r s  a t  a l l .  The s e l f
£ -1 d e ca y  t i m e  o f  t h e  k -  1 modes i s  -  h w h ich  i s  -  ho A l fv e n  t i m e s  o r
10  t i m e s t e p s .  I f  t h e  ( 0 , l )  -+ ( l , 0 )  t r a n s f e r  i s  s l o w e r  t h a n  t h i s ,  t h e
m a g n e t i c  i s l a n d s  w i l l  n e v e r  r e a c h  t h e i r  g e o m e t r i c a l  maximum w i d t h  in  t h e
y  d i r e c t i o n .
The e v o l u t i o n  o f  t h e  m a g n e t ic  f i e l d  l i n e  c o n f i g u r a t i o n ,  and  t h e  
c u r r e n t  d i s t r i b u t i o n  i s  d e p i c t e d  i n  f i g u r e s  V—3 ,  V—1+, V-5 and  V-6 , r e ­
f e r r i n g  t o  c o n t o u r s  o f  c o n s t a n t  a  and  f o r  t  = 2000  and a  and  J f o r  
t  = 5500, r e s p e c t i v e l y .  These c o n t o u r s  a r e  no t  d i s s i m i l a r  t o  t h o s e  f o r  
th e  n o n d i s s i p a t i v e  r u n ,  excep t t h a t  th e  f i n i t e  n and  u ten d  t o  wipe  o u t  
th e  h i g h e s t  k components ,  l e a d i n g  t o  EOmewhat more r e g u l a r i t y .  Nor i s  
t h e r e  any b reakup  and r a n d o m i s a t i o n  o f  t h e  c u r r e n t  d i s t r i b u t i o n  com parab le
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to  t h a t  seen in  F ig u re  IV-5* The d i 3s i p a t i v e n e s s  o f  t h e  medium a p p e a r s  
to  keep th e  s h e e t  p in c h  lo o k in g  l i k e  a s h e e t  p in ch  f o r  l o n g e r  t h a n  in 
t h e  v 31 n = 0 model.  The c u r r e n t  f i  lament a t  ion  seen in f i g u r e s  V-U and 
V- 6  i s  l e s s  d ram a t ic  th a n  in  f i g u r e  IV-1+, b u t  i s  s t i l l  marked , A d i f ­
f e r e n t  lo o k  a t  t h e  f i l a m e n t  f o r m a t i o n  i s  g i v e n  in  f i g u r e s  V-7 and V- 8  
which shov t h e  p r o f i l e  o f  t h e  c u r r e n t  in  t h e  x d i r e c t i o n ,  f o r  y = 3t t /2 , 
which i s  t h e  l o c a t i o n  o f  one o f  t h e  i n i t i a l  c u r r e n t  s h e e t s .  The p r o f i l e s  
a r e  shown f o r  t  = 0 and 2500 in  f i g u r e  V-7* and f o r  t  = 5000 and 7500 in  
f i g u r e  V-8 , Next t o  each x d i r e c t i o n  p r o f i l e ,  t h e r e  i s  a  p r o f i l e  t a k e n  
t h e  3 h o r t  way a c r o s s  t h e  s h e e t  ( t h e  y  d i r e c t i o n } ,  i n d i c a t i n g  a tendency  
f o r  t h e  s h e e t  t o  form and r e t a i n  "p inched  i n "  o r  concave s i d e s .  The 
l a t t e r  p r o f i l e s  a r e  t a k e n  a c r o s s  t h e  s h e e t  a t  t h e  p o in t  a t  which t h e  
c u r r e n t  i s  maximal ,  which seems t o  be w i t h i n  one c e l l  o f  an x - t y p e  n e u t r a l  
p o i n t  i n  each  c a s e .  The c u r r e n t  F i l a m e n t a t i o h  a p p ea r s  t o  b e  l i m i t e d  by 
f i n i t e  d i s s i p a t i o n .  I t  seems l i k e l y  t h a t  c u r r e n t  f i l a m e n t s  r e p r e s e n t  a  
k ind  o f  i n t e r m i t t e n c y  t h a t  becomes an a c t u a l  s i n g u l a r i t y  a s  n ■+ 0  t h r o u g h  
p o s i t i v e  v a l u e s .  Something s i m i l a r  a p p e a r s  in  F ig u re  T o f  Orsaag and
tm s . 26
F ig u r e s  V-9 and V-10 a r e  p l o t s  o f  c o n to u r s  o f  ^ , t h e  v e l o c i t y  
s t r e am  f u n c t i o h  a t  t  = 2000 and  t  = 5500  t i m e s t e p s .  Again t h e  f e a t u r e  
o f  r a p i d  e j e c t i o n  o f  m a g n e t o f l u i d  a t  the  weak f i e l d  c o r n e r s  o f  t h e  mag­
n e t i c  x p o i n t ,  and f l u i d  m ot ion  toward  t h e  x - p o i n t  a t  t h e  s t r o n g  f i e l d  
c o r n e r s ,  i s  a p p a r e n t .  The t im e  h i s t o r y  o f  t h e  maximum o b s e r v e d  s t r e a m i n g  
v e l o c i t y  i s  p l o t t e d  in  F igu re  V - l l ,  in u n i t s  o f  t h e  ambient  Alfven  sp eed .  
The cu rv e  shows two p e ak s ,  t h e  f i r s t  n e a r  t  = 2500 t i m e s t e p s  c o r r e s p o n d s  
t o  J e t t i n g  n e a r  t h e  x - p o i n t  a t  y s  3 ^ / 2 ,  and  t h e  second t o  j e t t i n g  n e a r
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t h e  y = n /2  x - p o i n t  a t  t  ~ !)500 t i m e s t e p s .  In  e a c h  case  t h e  maximum 
v e l o c i t y  i s  a lm os t  e n t i r e l y  a l o n g  t h e  x d i r e c t i o n ,  a s  i s  c l e a r  from t h e  
c o n t o u r  p l o t s . For both  th e  y -  t t / 2  and y 3 x - p o i n t  pe r io d s  o f
a c t i v i t y ,  t h e  s t ream ing  in  t h e  n e g a t i v e  x - d i r e c t i a n  i s  abou t  15$ g r e a t e r  
t h a n  th e  p o s i t i v e  x - d i r e c t i o n  s t r e a m i n g  For e a r l i e r  t im e s ,  then  th e  
s i t u a t i o n  i s  r e v e r s e d  f o r  l a t e r  t i m e s ,  though t h i s  may be  f o r t u i t o u s .  
During  th e  p e r io d  o f  s t r e am in g  a c t i v i t y  t h e  t o t a l  k i n e t i c  energy d e n s i t y  
e l o v l y  decays from x 1G- ^ a t  t  = £000 t o  2 . 0  x l 0 -i+ a t  t  = COOO.
T h i s  co r re sp o n d s  t o  a  s p a t i a l l y  av e rag e d  v e l o c i t y  o f  abou t  ,0015, so 
s i n c e  t h e  v e l o c i t y  In t h e  J e t s  r e a c h e s  .1 8 ,  i t  i s  c l e a r  t h a t  almost a l l  
t h e  f l u i d  s t r e am in g  a c t i v i t y  i s  in  t h e  x - p o i n t  c o r n e r s .  Likewise,  d u r i n g  
t h e  a c t i v e  p e r io d  th e  c u r r e n t  F i l a m e n t s  m a i n t a i n  t h e i r  maximum value a t  
abou t  tw ic e  th e  c u r r e n t  v a lu e  a t  t h e  0 - p o i n t s  and 5 timefi t h e  average 
|J  | i n  t h e  p e r i o d i c  box.E
F i n a l l y ,  F ig u re s  V-12, V-13 and V-lk  show m agne t ic  modal energy
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s p e c t r a  For t  n 0, 2500 and 5500 t i m e s t e p s ,  r e s p e c t i v e l y .  The k v a l u e s
c o r r e s p o n d i n g  t o  t h e  s h e e t  p i n c h  modes a r e  seen  t o  dominate  t h e  s p e c t r a ,
w h i l e  h igh  k a c t i v i t y  i s  damped o u t  in  t i me .  F ig u r e s  V-15, V-l6  and
V-17 show th e  modal k i n e t i c  e n e rg y  spec trum  a t  t h e  SHme t i m e s ,  The p e r -
2s i s t e n c e  o f  a c t i v i t y  In t h e  k ~ 50 r e g i o n  may be  o b s e r v e d ,  while t h e  
t  = 5500 p l o t  shows t h a t  l a r g e  s c a l e  v e l o c i t y  e v e n t u a l l y  becomes a  sub­
s t a n t i a l  c o n t r i b u t o r  t o  t h e  k i n e t i c  energy .
I t  i s  perhaps s i g n i f i c a n t  t h a t  a l l  o f  t h e  q u a l i t a t i v e  changes 
t h a t  o ccu r  th ro u g h u t  th e  run  a r e  g r a d u a l  o n e s , flJld t h a t  t h e r e  ia  never  a 
sudden v a r i a t i o n  o f  any q u a n t i t y  in  t im e ,  and t h a t  t h e  t im e  sca le  f o r  
g rowth  and l i m i t a t i o n  Is  c o n v e n i e n t l y  measured in  t e n s  o f  Alfven t r a n s i t
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t r a n s i t  t i m e s .  This  i s  t r u e  b o t h  f o r  V -  n = 0 and f o r  V = r| -  .002 5.
The energy  r e l e a s e d  by t h e  i n i t i a l  c o n f i g u r a t i o n  In t h e  form
— ho f  k i n e t i c  e n e r g y  n ev e r  e x c e e d s  2 x 10 o f  t h e  i n i t i a l  e n e r g y ,  b u t  p l a sm a  
s t r e a m i n g  a t  195S o f  t h e  A l fv e n  speed  i s  s e e n  i n  l i m i t e d  r e g i o n s  o f  s p a c e .  
The m a in te n a n c e  o f  modest c u r r e n t  f i l a m e n t s  a t  t h i s  R e y n o ld s  number seems 
t o  be s i g n i f i c a n t ,  s i n c e  t h e  co m p u ta t io n  i s  p r o b a b ly  r e l i a b l e  in  t h i s  
p a ra m e te r  r e g i m e .
Though am bi t iou3  c o m p u t a t i o n a l  programs such  a s  i n v e s t i g a t i o n  o f  
how t h i n g s  s c a l e  with  v and  ri have n o t  b e e n  u n d e r t a k e n ,  r e s u l t s  o f  t h e  
s h e e t  p in c h  s i m u l a t i o n s  f o r  o t h e r  v a l u e s  o f  v and n w i l l  now be exam ined .
O th e r  D i s s l p a t l v e  S i m u l a t i o n s
In  a d d i t i o n  t o  t h e  .0025 r u n ,  two o t h e r  e x t e n s i v e  s i m u l a t i o n s  
were p e r fo rm ed  w i t h  v = q ,  i n  one c a s e  t h e  d i s s i p a t i o n  c o e f f i c i e n t s  were  
. 0 0 5 , in  t h e  o t h e r ,  ,001 { In  t h i s  s e c t i o n  " . 0 0 2 5  r u n "  means " run  w i t h  
v  = n = .0 0 2 5 " ,  e t c . ) .  With r e s p e c t  t o  t h e  . 0 0 2 5  r u n ,  a c t i v i t y  in  t h e  
form o f  r a t e  o f  e^(nEp) g r o w t h ,  c u r r e n t  f i l a m e n t a t i o n ,  an d  m a g n e t o f l u i d  
j e t t i n g  i s  s u p p r e s s e d  in  t h e  .005 r u n ,  an d  enhanced i n  t h e  .001 r u n .  
C onverse ly  o v e r a l l  energy  d e ca y  i s  much l a r g e r  in  t h e  .0 0 5  r u n ,  and  much 
le sB  in  t h e  ,001 ru n .  T a b le  V-2 summarizes  t h e  s t a t u s  o f  t h e s e  t h r e e  
r u n s  in  t e rm s  o f  th e  v a l u e s  o f  t h e  h u l k  q u a n t i t i e s  a t  t  = 2500 t i m e a t e p s .  
T a b l e  V-3 g i v e s  t h e  same q u a n t i t i e s  f o r  t h e  t h r e e  c a s e s  a t  t  = 5000.
T ab le  V-2 a l s o  c o n t a i n s  t h e  t  = 0  v a l u e s  o f  t h e  b u l k  q u a n t i t i e s  which 
a r e  t h e  same i n  a l l  t h r e e  r u n s ,  and T a b l e  V-3 l i s t a  t h e  p e r c e n t a g e  change  
in  each  by t  -  5000 t i m e s t e p s .  I n s p e c t i o n  o f  t h e  b u l k  q u a n t i t i e s  r e v e a l s  
t h a t  t h e  .005 r u n  q u ic k ly  d i s s i p a t e s  mean s q u a r e  c u r r e n t  and  e n a t r o p h y ,
52
w h i l e  t h e  *001 run d i s s i p a t e s  mean s q u a r e  c u r r e n t  o n ly  s l o v l y  and has  
produced ov e r  10 t im e s  I t s  i n i t i a l  e n s t r o p h y  by t  = 5000* I n  f a c t  a t  
t  = 1+000 t i m e s t e p s  ft has more t h a n  t h i r t y  t i m e s  i t s  i n i t i a l  v a l u e ,  a t  
which t im e  t h e  k i n e t i c  energy  h as  ab o u t  tw e n ty  t im e s  i t s  i n i t i a l  v a l u e .
On t h e  o t h e r  hand in  t h e  .005 ru n  i s  m o n o t o n i c a l l y  d e c r e a s i n g  f o r  
moat o f  t h e  ru n ,  t h e  e x c e p t io n  b e in g  between t  = 800 and t  = 1 5 0 0 , when 
t h e r e  i s  a  s l i g h t  i n c r e a s e .  The e n c t r o p h y ,  ft, i n i t i a l l y  d e c r e a s e s  q u i t e  
r a p i d l y  In t h e  ,005 run ,  b u t  s t a r t s  i n c r e a s i n g  a t  ab o u t  500  t i m e s t e p s ,  
and r e a c h e s  a  v a lu e  o f  about  s i x  t im e s  i t s  minimum a t  t  = 2000 and t h e r e ­
a f t e r  decays .  L ikew ise  t h e  c n s t r o p h y  in t h e  .0025 c a s e  d e c r e a s e s  i n i t i a l ­
l y ,  t h e n  i s  a m p l i f i e d  t o  a  r e l a t i v e  maximum v a lu e  a t  ab o u t  2500 t i m e s t e p s , 
The ,1p l a t e a u ,h o f  e n s t r o p h y  from a b o u t  1500 t o  1+000 t i m e s t e p s  in  t h e  . 0 0 2 5  
run  has  a t y p i c a l  v a l u e  of . 0 3 ,  w h i l e  t h e  .005 run m a i n t a i n s  a  t y p i c a l  
v a l u e  o f  .007 only  from about  1200 t o  2700 t i m e s t e p s .  The ,001 run  
m a i n t a i n s  v a l u e s  o f  e n s t ro p h y  in  e x c e s s  o f  ,7  from t i m e s t e p s  2300 t o  
ab o u t  5300. T y p i c a l  k i n e t i c  e n e rg y  v a l u e s  d u r i n g  t h e  a c t i v e  p e r i o d s  o f
each  run  a r e  1 ,2  x 10 ^ f o r  t h e  , 0 0 5  e a s e ,  2 . 8  x 10 ^ f o r  t h e  .0 0 2 5  c a s e ,
-2and 1 ,3  x 10 f o r  t h e  ,001 c a s e .  The n o n - d i s s i p a t i v e  ru n  y i e l d e d  k i n e t i c  
e n e r g i e s  o f  ,1 t o  .15 a f t e r  2500 t i m e s t e p s .  The s e n s i t i v i t y  o f  t h e  dyna­
m ic a l  sys tem t o  d i s s i p a t i o n  i s  r e f l e c t e d  n o t  on ly  i n  t h e  p r o d u c t i o n  o f  
k i n e t i c  energy  and sm a l l  s c a l e  m ag n e t ic  e x c i t a t i o n ,  b u t  a l s o  i n  t h e  o v e r a l l  
r a p i d i t y  o f  a m p l i f i c a t i o n  o f  n o n s h e e t  p in c h  m agne t ic  e n e r g y ,  e ^ n s p ) .
F i g u r e  V-l8 shows t h e  development o f  e ^ ( n s p )  + v s .  t im e  f o r  a l l  t h r e e  
c a s e s  w i th  eq u a l  d i s s i p a t i v e  c o e f f i c i e n t s , a s  w e l l  a s  f o r  t h e  n o n - d i s s l p a -  
t i v e  case* The r e g u l a r i t y  o f  t h e  form o f  t h i s  g rowth  ve .  t im e  shou ld  be  
n o t e d ,  as  w e l l  a s  t h e  d i f f i c u l t y  i n  i d e n t i f y i n g  any ex tended  p e r i o d  o f  p u r e
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exponentiation. Though I t  Is  d i f f i c u l t  to  draw any conclusions along 
these l i n e s  i t  Is p o ss ib le  to  formulate a crude growth rate fo r  £g(nep) 
for each value o f  the d is s ip a t io n  c o e f f i c i e n t s .  These are l i s t e d  below.
approximate maximum Jin E^tnep)
durat ion
in u n its  of ! , ! „  TAlfvenA lfven  -----------------
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One might be tempted to  in fe r  that th e  e x is te n c e  o f these  periods of  
approximate exponentiation in d ica te  & process dominated by the l in e a r  
in te r a c t io n  terms ( tr e a t in g  the sh eet  pinch modes as zeroth order). There 
are s e v e r a l  reasons wliy t h i s  in feren ce  i s  f a ls e :
( i )  Non-negligable growth of e^(NSP) occurs a t  la te r  times and there  
i s  system atic  d ifferen ce  in i t s  appearance.
( l i )  The same kind o f  approximate exponentia l growth r a tes  may be found 
for modes which do not couple l in e a r ly  with th e  sheet pinch modes, and 
( i i l )  o th er  considerations shov th a t  the l in e a r  growth i s  w ell sa tu ­
rated by two Alfven t r a n s i t  times (see  Appendix C), and the above 
periods o f  "exponentiation" a l l  commence a f t e r  four Alfven tr a n s i t  
t im es.
The "non-linear1' modes mentioned above are the magnetic modes 
with 33 0. In Appendix C, i t  w i l l  be seen th a t  these  modes are s t r ic t ^  
ly  excluded from l in ea r  coupling to  the sheet pinch modes, nonetheless
5^
t h e y  grow q u i t e  r a p i d l y ,  and  a t  t h e  same t i m e  as  E ^ f n s p } ,  t h o u g h  t h e i r  
t o t a l  e n e rg y  i s  a lways  s m a l l  compared w i t h  £ ( n s p ) ,  The sum o f  t h e  
m agne t ic  energy  i n  a l l  modes w i th  k^ = 0 l a  p l o t t e d  v s .  t i m e  f o r  t h e  
,0025 and .001 r u n e  i n  F i g u r e  V-19. The a p p r o x im a te  g ro w th  r a t e s  o b ­
t a i n e d  a r e  1 .23  f o r  t h e  .001 run  and .37 f o r  t h e  ,0025 r u n .  Comparison
w i th  t h e  above t a b l e  shows t h a t  n o n l i n e a r  a c t i v i t y  i s  by no means n e g l i -  
g a b l e .
As m e n t io n e d  a b o v e ,  t h e  s y s t e m a t i c  a c t i v i t y  o f  f i e l d  l i n e s ,  
c u r r e n t  and v e l o c i t y  f i e l d  a r e  q u a l i t a t i v e l y  s i m i l a r  in  a l l  t h r e e  r u n s  
w i th  e q u a l  d i s s i p a t i o n  c o e f f i c i e n t s .  C o n to u r  p l o t s  o f  a ,  J and  f o r  
t h e  ,005 run a t  t  -  2000 t i m e s t e p s  a r e  g i v e n  in  f i g u r e s  V-20* V-21 and 
V-22, r e s p e c t i v e l y .  The same q u a n t i t i e s  a r e  shown f o r  t h e  ,005  c a s e  a t
t  = JjOOO t i m e s t e p s  in  f i g u r e s  V-23, V-21+ and V-25. E x a c t l y  t h e  same t y p e
o f  a c t i v i t y  i s  p r e s e n t  a s  i n  t h e  .0025 case*  b u t  in  a  m i l d e r  fo rm. The 
i n c r e a s e  in  I s l a n d  w id th  i s  l e s s ,  a s  i s  t h e  f o r m a t i o n  o f  c u r r e n t  f i l a ­
ments a t  t h e  x - p o i n t n ,  The v e l o c i t y  f i e l d  J e t t i n g  i s  weaker  and  more 
d i f f u s e .  On t h e  o t h e r  hand* a l l  o f  t h e s e  e f f e c t s  a r e  enhanced  ( w i t h  r e s ­
p e c t  t o  t h e  .0025 c a s e ]  i n  t h e  .001 c a s e .  F i g u r e s  V -26 ,  V-27 and V-29 
show co n to u rE  o f  c o n s t a n t  v e c t o r  p o t e n t i a l ,  c u r r e n t  and  s t r e a m  f u n c t i o n ,  
r e s p e c t i v e l y  f o r  t h e  run  w i t h  v = r\ = .001 a t  t  = 2500 t i m e s t e p s .  The 
seutie q u a n t i t i e s  a t  5000 t i m e s t e p s  a r e  shown i n  F i g u r e s  V -29 ,  V-30 and
V -3 1 . The d e g r e e  o f  c u r r e n t  f i l a m e n t n t i o n  i n  t h e  ,001 run  i s  q u i t e  l a r g e ,  
b u t  c o m p le te ly  c o n f i n e d  t o  t h e  w id e n in g  c u r r e n t  s h e e t ,  and  e s p e c i a l l y ,  t h e  
X - p o i n t s ,  The l o c a l  c u r r e n t  d e n s i t y  i n  t h i s  run  m a i n t a i n s  an  i n s t a n t a n e o u s  
maximum v a l u e  o f  | j  | in  e x c e s s  o f  20 from ab o u t  t i m e s t e p  2000 t o  t i m e s t e p  
1+50Q, Near  t  = 1+000 t i m e s t e p s  | j  | s p i k e s  t o  a  v a l u e  o f  n e a r l y  J+0,
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t h e n  d e c r e a s e s .  The v e l o c i t y  in  t h e  J e t s  exceeds  t h e  ambient  Alfven 
speed d u r in g  th e  two p e r i o d s  o f  i n t e n s e  a c t i v i t y ,  (One p e r i o d  f o r  
each  s h e e t . )  This  i s  t o  be c o n t r a s t e d  w i th  t h e  .0025 r u n ,  which e x h i ­
b i t e d  a  maximum s t ream ing  v e l o c i t y  o f  19$ o f  t h e  A l fven  sp ee d ,  and t h e  
.005 r u n ,  f o r  which t h e  maximum v e l o c i t y  in  t h e  J e t s  was ab o u t  11$ o f  
th e  A lfven  speed* The n o n - d i s s i p a t i v e  run produced m a g n e t o f l u i d  J e t t i n g  
a t  more th a n  tw ice  t h e  A lfven  s p ee d  and maximal l o c a l  c u r r e n t  d e n s i t i e s  
in  e x ces s  o f  50. This  s i m i l a r i t y  between t h e  .001 and .000 r u n s  seems 
t o  go a l i t t l e  f u r t h e r .  F i g u r e  32 shows p r o f i l e s  o f  t h e  y = x / 2  c u r r e n t
s h e e t  f o r  t h e  .000 run a t  t  * 2000 and f o r  t h e  .001 ru n  a t  t  = 1+000.
These  shou ld  be compared w i th  t h e  ana logous  p l o t s  f o r  th e  .0025 c a s e  in  
F i g u r e s  V-7 and V-8. The .001 c u r r e n t  p r o f i l e  e x h i b i t s  i r r e g u l a r i t i e s  
s i m i l a r  t o  th e  n o n - d i a s i p a t i v e  c a s e ;  J {x , tt/ 2) i s  no t  a  smooth f u n c t i o nZ
o f  x .  However, t h e  .001 f i l a m e n t  i s  s t i l l  w e l l  l o c a l i z e d .  R e c a l l i n g  t h e  
c o m p u ta t i o n a l  d i f f i c u l t i e s  a r i s i n g  when i s  o u t s i d e  t h e  k space  box , i t  
i s  no t  h a r d  t o  accoun t  f o r  such  s m a l l  s c a l e  i r r e g u l a r i t i e s . S in c e  t h e  
d i s s i p a t i o n  wavenumber v a r i e s  be tween 60  and 125  i n  t h e  ,001 r u n ,  i t  i a  
c l e a r  t h a t  sm a l l  s c a l e  e x c i t a t i o n  i s  no t  p r o p e r l y  damped, and i s  " r e f l e c t e d 1* 
from t h e  k  space  b o u n d a r i e s .  T h i s  c a u s e s  i r r e g u l a r  sm al l  s c a l e  a c t i v i t y .
In  a l l  p r o b a b i l i t y ,  a more a c c u r a t e  s i m u l a t i o n  would y i e l d  smoother  s p a t i a l  
c u r r e n t  d i s t r i b u t i o n s  f o r  a  v = n = .001 s h e e t  p in ch  r u n .  The ,001 simu­
l a t i o n  p r e s e n t e d  here  must no t  be t a k e n  to o  s e r i o u s l y  in  i t s  d e t a i l .  In  
f a c t  i t  i s  somewhat rem arkab le  t h a t  t h e  q u a l i t a t i v e  phenomena and b u lk  
e v o l u t i o n  seen  a r e  so s i m i l a r  t o  t h e  more a c c u r a t e  .0025 and .005 ru n e .
An a d d i t i o n a l  p e r s p e c t i v e  on t h e  f i l a m e n t a t i o n  and J e t t i n g  p r o ­
c e s s e s  may be g a in ed  by lo o k in g  a t  t h e  t ime h i s t o r i e s  o f  t h e  maximum
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p o s i t i v e  x d i r e c t e d  v e l o c i t y ,  t h e  maximum n e g a t i v e  x d i r e c t e d  v e l o c i t y ,  
t h e  maximum p o s i t i v e  c u r r e n t  d e n s i t y  and  t h e  maximum n e g a t i v e  c u r r e n t  
d e n s i t y  * P l o t s  o f  t h e s e  q u a n t i t i e s  f o r  t h e  .0 025  and .005  c a s e s  a r e  p r e ­
s e n t e d  in  F ig u r e s  V-33 and V -3^ ,  r e s p e c t i v e l y .  In  e a c h  e a se  t h e  maximum 
and minimum v i s  found a l o n g  one o f  t h e  c u r r e n t  B h e e t s .  The maximum 
n e g a t i v e  c u r r e n t  i s  i n t o  t h e  y -  it/2  ( l o w e r  s h e e t ) ,  a t  one x - p o i n t  when 
i t  has  d e v e lo p e d .  L i k e w i s e  t h e  maximum p o s i t i v e  c u r r e n t  I s  o u t  o f  t h e  
y  ~ 3 t t /2  s h e e t .  By c o m p ar i so n  w i th  t h e  c o n t o u r  p l o t E ,  one can s e e  t h a t  
s t r e a m i n g  v e l o c i t y  and c u r r e n t  f i l a m e n t  maxima a r e  a s s o c i a t e d  w i t h  n a r r o w ­
ing  o f  t h e  s t r e a m i n g  r e g i o n ,  and p i n c h i n g  o f  t h e  f i l a m e n t  i n  t h e  y d i r e c ­
t i o n .
S in c e  t h e  r o l e  o f  d i s s i p a t i o n  i n  t h e  e v o l u t i o n  o f  a s h e e t  p i n c h  
c o n f i g u r a t i o n  i s  l a r g e l y  o n e  o f  damping and s m o o th in g ,  i t  i s  c o n s t r u c t i v e  
t o  b r i e f l y  c o n s i d e r  t h e  r e s u l t s  of  a  run w i t h  t h e  s t a n d a r d  i n i t i a l  e o h d i -  
t i o n e  w i t h  n = ,0 0 2 5 ,  b u t  v = 0 . 0 .  T h i s  r u n  p r o d u c e d  i s l a n d  g r o w th ,  
p la sm a  J e t t i n g  and c u r r e n t  f i l a m e n t a t i o n  o f  t h e  some s o r t  a s  th e  ,0025 
r u n ,  however somewhat more  k i n e t i c  e n e r g y  a n d  e n E t r o p h y  were p ro d u c e d .
The l e v e l  o f  k i n e t i c  e n e r g y  a c h ie v e d  i s  a b o u t  t e n  t im e s  t h a t  o f  t h e  
v = r| = . 0 0 2 5  c a s e ,  b u t  t h e  av e rag e  k i n e t i c  e x c i t a t i o n  remained  a t  h i g h e r  
k ,  aa  w i t n e s s e d  by t h e  e n E t r o p h y  o f  a t  t  -  5 0 0 0  t i m e e t e p E ,  which 1e  
tw e n ty  t im e s  t h e  l e v e l  i n  t h e  v i s c o u s  r u n .  The maximum o f  c u r r e n t  d e n ­
s i t y  i n  t h e  f i l a m e n t s  was o n l y  abou t  l Q f  h i g h e r  t h a n  i n  t h e  v  = ri = . 0 0 2  5 
c a s e ,  w h i l e  t h e  t o t a l  mean s q u a r e  c u r r e n t  a t  t  = 5 0 0 0  i s  5% h i g h e r  f o r  
V = 0 .  F l u i d  J e t t i n g  s p e e d s  as  h igh  a s  o f  t h e  A l f v e n  speed were  o b ­
s e r v e d .
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The n o n l i n e a r  e v o l u t i o n  o f  t h e  s h e e t  p i n c h ,  i s  s e e n  t o  d i s p l a y  
q u a l i t i e s  which  p e r s i s t  f o r  d i f f e r e n t  v a l u e s  o f  r e s i s t i v i t y  and  v i s c o s i t y :  
m o g n e t o f l u i d  " j e t t i n g " ,  c u r r e n t  f i l a m e n t a t i o n  a t  x - t y p e  n e u t r a l  p o i n t s ,  
and  t h e  g ro w th  o f  l a r g e  m a g n e t i c  i s l a n d s .  At no t i m e  i n  t h e  .005 o r  
. 0 0 2 5  nun d i d  more t h e n  one  m a g n e t ic  i s l a n d  p e r  c u r r e n t  s h e e t  d e v e l o p ,  
and  t h e  h o r i z o n t a l  d im ens ion  o f  t h e  i s l a n d  was a lw a y s  c o m p a r a b le  t o  t h e  
box s i z e .  Only o n ce ,  in  t h e  .001 r u n ,  be tw een  t  = 2000 and 2^00 t i m e s t e p s  
was a  sm al l  second i s l a n d  s ee n  d e v e l o p i n g ,  n e a r  t h e  x - p o i n t  f i l a m e n t ,  a f t e r  
t h e  o t h e r  c u r r e n t  s h e e t  had s u b s t a n t i a l l y  d e v e l o p e d  i t s  l a r g e  i s l a n d .
D ur in g  t h e  sm a l l  i s l a n d ' s  b r i e f  a p p e a r a n c e  t h e  n e a r b y  f i l a m e n t  d i s p l a y e d  
i n t e r n a l  s u b - f i l a m e n t a t i o n .
T h i s  may v e i l  have been an a r t i f a c t  o f  t h e  am al l  s c a l e  i n a c c u r a c y  
o f  a  ru n  w i t h  a  d i s s i p a t i o n  v&venumber w e l l  o u t s i d e  t h e  t r u n c a t e d  F o u r i e r  
s p a c e .  However,  i t  i s  a p p r o p r i a t e  t o  make an i n q u i r y  i n t o  t h e  p o s s i b l e  
g ro w th  and  n o n l i n e a r  e v o l u t i o n  o f  m u l t i p l e  i s l a n d  (k^ > l )  s t r u c t u r e s ,  
and t h iE  i e  d i s c u s s e d  in  t h e  n e x t  c h a p t e r .
VI,  THE COALESCENCE OP MAGNETIC ISLANDS
The c o m p u ta t io n a l  r e s u l t a  o f  t h e  l a s t  two c h a p t e r s  s t r o n g l y  sug­
g e s t  t h a t  c u r r e n t  s h e e t s  w i l l  g e n e r a l l y  ev o lv e  i n  such  a way as  t o  c a u s e  
t h e  development o f  t h e  l o n g e s t  w a v e le n g th  magnet ic  i s l a n d s  c o m p a t ib le  w i th  
t h e  boundary  c o n d i t i o n s .  In  ou r  e a s e  t h e  s i z e  o f  t h e  i s l a n d s  d e v e lo p  t o  
"m acro sco p ic11 s i z e  a p p e a r s  t o  be l i m i t e d  by t h e  E i se  o f  t h e  p e r i o d i c  bos .  
I n d e e d ,  t h e  e q u i l i b r i u m  ensemble  t h e o r y  p r e d i c t s  t h e  ap p ea ra n ce  o f  more 
t h a n  80S o f  t h e  i n i t i a l  s h e e t  p in c h  energy  and mean s q u a r e  v e c o t r  p o t e n ­
t i a l  i n  t h e  l o n g e s t  w ave leng th  modes.  Bo, one would e x p ec t  t h a t  modes
2w i th  s m a l l e r  v a l u e s  o f  k grow f a s t e r  and t o  g r e a t e r  a m p l i t u d e  t h a n  h ig h  
2k modes, and t h u s  t h e  em a i l  s c a l e ,  m u l t i p l e  i s l a n d  s t r u c t u r e s  do n o t  show
up in  t h e  " f i n a l  s t a t e "  o f  t h e  e v o l u t i o n  o f  a s h e e t  p in c h .  That i s  n o t  t o
say  t h a t  k^ > 1 modes a r e  d y n a m ic a l ly  u n i m p o r t a n t ,  however.  I f  one  t a k e e
t h e  p o s i t i o n  t h a t  t h e  e v o l u t i o n  o f  t h e  sys tem i s  governed  by n o n l i n e a r
e f f e c t s *  t h e  k^ > 1 modes must p a r t i c i p a t e  as  i n t e r m e d i a r y  c o u p l i n g s ,
which f a c i l i t a t e  an o v e r a l l  t r a n s f e r  o f  s h e e t  p in ch  e n e r g y  i n t o  k i n e t i c
energy  and k = 1 m ag n e t ic  I s l a n d  g ro w th ,  A moments c o n s i d e r a t i o n  a l s o
shows t h a t  t h e  c u r r e n t  f i l a m e n t a t i o n  p r o c e s s  r e q u i r e s  a  phase  c o r r e l a t i o n
o f  m agnet ic  modes w i t h  many £  v a l u e s  o f  a ( k  ,k  ) p a r t i c i p a t i n g .  F i g u r ex y
V I-1 shows th e  t im e  e v o l u t i o n  i f  k = 1 m agnet ic  energy  and k^ = 2 magne­
t i c  energy  f o r  t h e  n o n d i s s i p a t i v e  c a s e  ( c h a p t e r  IV) and t h e  s t a n d a r d  
v  = n = .0025 c a s e  ( C h a p te r  V).  I n s p e c t i o n  shows t h a t  t h e  k^ = 1 en e rg y  
growth  domina tes  i n  bo th  c a s e s ,  bu t  t h e  k = 2  energy  i s  a m p l i f i e d  as  w e l l .
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In t h e  d i s s i p a t i v e  c ase ,  k  = 2 g rowth  may "be i n h i b i t e d  no t  on ly  by  i t s  
g r e a t e r  tendency  f o r  s e l f - d e c a y ,  b u t  a l s o  by th e  d e ca y  o f  th e  k > 2  
modes which fe e d  i t  in  t h e  n o n d i s s i p a t i v e  c a s e .  T h e re  i s  a l s o  some growth 
o f  > 2 magnet ic  modee i n  th e  n o n d i s s i p a t i v e  c a s e ,  so one might e x p e c t  
t h a t  i n  an a c c u r a t e  s i m u l a t i o n  w i th  t h e  d i s s i p a t i o n  c o e f f i c i e n t s  much 
l e a s  t h a n  . 002!>, t h e r e  would he more g ro w th  o f  such modes.  I t  seems im­
p r o b a b l e ,  however,  t h a t  m u l t i p l e  i s l a n d  s t r u c t u r e s  would ev e r  d o m ina te  
t h e  ap p ea ra n ce  o f  t h e  sys tem ,  u n l e s s  a  s p e c i a l  c i r c u m s t a n c e  i s  c o n s t r u c ­
t e d  which e s t a b l i s h e s  a t  some t im e ,  a  c o n f i g u r a t i o n  Of s e v e r a l  i s l a n d s  with  
n o n - n e g l i g i b l e  e n e r g y .  An example o f  su c h  a s i t u a t i o n  c o n s i s t s  o f  t h e  
s t a n d a r d  sh ee t  c u r r e n t s  w i t h  random n o i s e  and a row o f  i s l a n d s  a r r a n g e d  
a l o n g  t h e  s h e e t s .  Th is  c a u s e s  t h e  s h e e t s  t o  be r i p p l e d .  The q u e s t i o n  can
th e n  be  ashed a s  t o  w h e th e r  th e se  mul t  i p l e  i s l a n d s  s h o u l d  p e r s i s t  o r  merge
32w i th  e ac h  o t h e r .  F inn  and Kav have  examined such  a  s i t u a t i o n  a n d  a r -
52gued t h a t  merger shou ld  o c c u r .  P r i t c h e t t  and Uu have  t o  some e x t e n t
v e r i f i e d  t h e i r  p r e d i c t i o n .  The b re a k u p  and merger o f  such an a r r a y  i s
29a l s o  i m p l i c i t  in  t h e  s t a t i s t i c a l  a rg u m en ts  o f  Fyfe  e t .  a l ,  , and can  
e a s i l y  be i n f e r r e d  from t h e  s t a b i l i t y  a rgum en ts  i n h e r e n t  in  th e  back  
t r a n s f e r  h y p o th e s i s  d i s c u s s e d  in  C h a p te r  I I I  and i n  Appendix B. The 
s t a n d a r d  sh ee t  p in c h  used  i n  t h e  s i m u l a t i o n s  p r e v i o u s l y  d e s c r i b e d  may 
be s im p ly  m odif ied  t o  examine th e  c o a l e s c e n c e  phenomena.
The s t a n d a r d  i n i t i a l  c o n d i t i o n  i s  m od if ied  by th e  r e p la c e m e n t  
o f  t h e  {+3, t l ) i  (+,3, ±3) " n o i a e  modes" w i t h  th e  F o u r i e r  e q u i v a l e n t  o f
a  -  cos  3x{sin  y -  y  Ein 3 y )
6o
This  p ro d u c e s  a  t h r e e  i s l a n d  s t r u c t u r e  a l o n g  e a c h  o f  t h e  i n i t i a l  
c u r r e n t  s h e e t s ,  w h i le  t h e  o p p o s i t e l y  d i r e c t e d  f i e l d  l i n e s  in  t h e  low c u r ­
r e n t  r e g i o n  a r e  b e n t  o n l y  s l i g h t l y .  F i g u r e s  VI-2 and V I - 3  show t h e  r e ­
s u l t i n g  f i e l d  l i n e s  and c o n s t a n t  c u r r e n t  c o n t o u r s ,  r e s p e c t i v e l y .  The 
" t h r e e - i s l a n d - m o d e s 11 have  F o u r i e r  a m p l i t u d e s  e l e v a t e d  ab o v e  t h e  n o i s e  
l e v e l  by  more t h a n  an o r d e r  o f  m a g n i t u d e .  One m ig h t  i m a g in e  t h a t  a  s p e c i a l  
p e r t u r b a t i o n  has p roduced  t h i s  c o n f i g u r a t i o n  o r  t h a t  t h e  sm a l l  i s l a n d s  were  
e n t r a i n e d  by c o l l i d i n g  m a g n e t o F lu id  vo lum es  in  w h ich  w e r e  embedded oppo­
s i t e l y  d i r e c t e d  f i e l d  l i n e s .  I n  any c a s e ,  t h e  s i m u l a t i o n  t e s t s  t h e  d y n a ­
m ic a l  t e n d e n c i e s  o f  a  s t r i n g  o f  > 1 m a g n e t ic  I s l a n d s .
The sequence  o f  e v e n t s  f o r  a  r u n  w i th  t h e s e  i n i t i a l  c o n d i t i o n s  
and v = n = .0025 i s  p r e s e n t e d  i n  F i g u r e s  VI-h , V I - 5 , V I - 6  and V I - 7 ,  w h ich  
show t h e  f i e l d  l i n e s  a t  t  = 5 0 0 , 100, 1500  and 2500 t i m e s t e p s ,  r e s p e c t i v e ­
l y .  The t r a n s i t i o n  t o  t h e  s l n g l e - i s l o n d - p e r - c u r r e n t - s h e e t  i s  s t r a i g h t ­
fo rw a rd  and d i r e c t ,  and  th o u g h  t h e  s t a t e  i n  Vl-'f d i f f e r s  from i t s  c o u n t e r ­
p a r t  f o r  t h e  p u re  random n o i s e  run  by t h e  l a c k  o f  maximal l a t e r a l  d i s ­
p lacem en t  o f  t h e  u p - c u r r e n t  i s l s j i d  from t h e  d o w n - c u r r e n t  i s l a n d ,  i t  seems 
l i k e l y  t h a t  t h i s  i s  no t  s i g n i f i c a n t .
The c u r r e n t  d i s p l a y s  some f i l a m e n t  a t  io n  a t  t  = 2000 ,  a s  i s  v i s i ­
b l e  in  F i g u r e  V I -6 .  The v e l o c i t y  f i e l d  i n i t i a l l y  d e v e l o p s  from random 
n o i s e  t o  a  s t r i n g  o f  v o r t i c e s  a r r a n g e d  a l o n g  t h e  m u l t i p l e  i s l a n d s  a t  
t  = 500 ( s e e  F ig u r e  V I - 9 ) ,  b u t  l a t e r  d e v e l o p s  a  s i m p l e r  s t r e a m i n g  p a t t e r n .
The m erg e r  p r o c e s s  a p p e a r s  t o  be  s l i g h t l y  more ad v an c e d  i n  t h e  u p p e r  
lity  “ -?j“- " s h e e t "  by  t  = 2000 t l m e s t e p E ,  so t h e  sequence  o f  e v e n t b w i l l  be 
d e s c r i b e d  in  t e r m s  o f  t h e  u p p e r  s h e e t . At t  = 500 t h e  u p p e r  s h e e t  seems 
t o  have s i n g l e d  o u t  t h e  l e f t - m o s t  x - p o i n t  a s  d o m in a n t .  F i g u r e  V I - 1 0 ,
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shows how upper  s h e e t  J e t t i n g  has  deve loped  by t  = 1000,  and lo o k s  
somewhat l i k e  t h e  J e t t i n g  in t h e  " s t a n d a r d 1* c a s e s  o f  C h a p te r s  XV and V.
The f lo w  i s  a long  t h e  s h e e t  away from t h e  x - p o i n t  and to w a rd s  t h e  x p o i n t  
From above and below. This  e x p u l s i o n  o f  f l u i d ,  c o n v e c t s  t h e  merging i s ­
l a n d s  towards  each o t h e r ,  c a u s i n g  f i l n m e n t a t i o n  o f  c u r r e n t  a t  t h e  x p o i n t ,  
b u t  a l s o  t h e  u g g lo m e ra t io n  o f  c u r r e n t  s t r u c t u r e s  i n  t h e  merging  r e g i o n ,  
as  may be seen  in F i g u r e  V I-11 ,  which c o n t a i n s  c u r r e n t  c o n t o u r s  a t  
t  = 1000. I t  can be  s een  from F ig u r e  VI-10 t h a t  n e a r  t h e  m erg ing  r e g i o n  
i s  an a r e a  o f  r e l a t i v e l y  m o t i o n l e s s  f l u i d .  “The J e t t i n g  away from t h e  x -  
p o i n t  a t  t  = 10QQ i s  a t  about  . 9  o f  t h e  Alfven  sp eed s .  I t  i s  i n t e r e s t i n g  
t o  n o t e  t h a t  t h e  c u r r e n t  s t r u c t u r e s  i n  t h e  merging r e g i o n s  o f  b o th  u p p e r  
and low er  s h e e t s  c o n t a i n  F i l am e n t s  o f  p o s i t i v e  and n e g a t i v e  c u r r e n t s  o f  
s u b s t a n t i a l  magni tudes  i n  bo th  c a s e s ,  whi le  t h e  x - p o i n t  F i l am e n t  i s  o f  
J u s t  one s ign  o f  c u r r e n t .  S in c e  r o u g h l y  s p e a k in g ,  c u r r e n t s  o f  o p p o s i t e  
s ig n  r e p e l  each o t h e r  ( s e e  C hap te r  V I I ) ,  t h i s  i s  a p o s s i b l e  r e a s o n  f o r  
t h e  sudden r e v e r s a l  o f  f low in  t h e  u p p e r  s h e e t .  T h i s  r e v e r s a l  may be  
seen in  t h e  t  = 1500 s t r e a m  f u n c t i o n  c o n to u r s  ( F ig u re  V I - 1 2 ) ,  i n  th e  
u p p e r  s h e e t .  The flow speed in  t h e  " r e v e r s e d  J e t "  i s  1 .27  t im e s  t h e  
A lfven  speed a t  t h a t  t i m e ;  t h e  low er  s h e e t  i s  s t i l l  engaged in  " s t a n d a r d  
J e t t i n g " , away from i t s  dominant  x - p o i n t .  By t  = 2000 ( F i g u r e  V I - 1 3 ) ,  
t h e  upper  s h e e t  has r e v e r t e d  t o  t h e  s t a n d a r d  x - p o i n t  j e t t i n g ,  h u t  t h e  
low er  s h e e t  i s  r e v e r s e  j e t t i n g  in  an asymmetr ic  way, much more s t r o n g l y  
t o  t h e  l e f t  o f  t h e  m erg ing  r e g i o n .  At t h i s  t i m e  bo th  J e t s  have  a maximum 
f low speed of  about .6  o f  t h e  A lfven  sp ee d .  However, by t  = 2000, t h e  
a v e r ag e  magnet ic  vavenumber ha s  d ropped  t o  = 1 .0 6  from i t s  i n i t i a l  
v a lu e  o f  1 . 1 9 , a i d  e n s t r o p h y  and s q u a r e  c u r r e n t ,  which has r e a c h e d  maxima
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at; about 1200 t i n i e s t e p a ,  have decayed t o  a  t h i r d  o f  t h e i r  maximum v a lu e s *  
So* i t  a p p e a r 5 t h a t  t h e  dynamics o f  t h e  merger o f  t h r e e  iBlands i n t o  o n e ,  
a lo n g  each  " s h e e t "  has  been s u b s t a n t i a l l y  accom pl iahed  by  t  = 2500 t i m e -  
a teps*  F i g u r e  V-lh  and V^15 show c o n t o u r s  o f  s t r e am  f u n c t i o n  and c u r r e n t  
a t  t  -  2500* At t h i e  t ime ( s e e  F ig u r e  VI-7) t h e  l a r g e  magnet ic  i s l a n d s  
have  begun a  bu lk  movement, t h e  upper  i s l a n d  moving t o  t h e  r i g h t ,  and 
t h e  l o v e r  t o  t h e  l e f t ,  presumably to w ard s  a  s t a t e  i n  which t h e i r  x p o in tE  
a r e  maximally  d i s p l a c e d  from one a n o t h e r .  The k i n e t i c  energy hae main­
t a i n e d  a  l e v e l  o f  ab o u t  <009 between t  — 2000 and t  -  2500,  as opposed 
t o  t h e  k i n e t i c  energy  p l a t e a u  o f  about one f i f t i e t h  t h a t  amount f o r  t h e  
V ~ n = *0025 s t a n d a r d  shee t  p in c h  r u n .  I n s p e c t i o n  o f  F ig u r e  VI-1 5  shows 
t h a t  t h i s  v e l o c i t y  e x c i t a t i o n  i s  s y s t e m a t i c a l l y  t o  t h e  r i g h t  fo r  t h e  
u p p e r  ( p o s i t i v e  c u r r e n t }  i s l a n d  and t o  t h e  l e f t  f o r  t h e  lower  i s l a n d .
Thus n e i t h e r  r e g io n  i s  engaging in  s t a n d a r d  J e t t i n g  a t  t h i s  t im e ,  d e s ­
p i t e  the  f a c t  t h a t ,  a s  F igure  Vl-l l j  shows,  t h e  c u r r e n t  c on tou rs  a r e  q u i t e  
s i m i l a r  t o  t h e  l a t e  s t a g e a  o f  t h e  s t a n d a r d  s h e e t  p in c h  ru n s  ( s e e ,  f o r  
example,  F ig u r e  V-25)-  Because t h e  u p p e r  r e g i o n  s t i l l  c o n t a i n s  h c u r ­
r e n t  f i l a m e n t  s t  i t s  x - p o i n t ,  t h e r e  may s t i l l  be  some tendency  f o r  f l u i d  
e x p u l s i o n  away from t h e  f i l a m e n t s ,  b u t  t h e  f low  a s s o c i a t e d  with i s l a n d  
d i s p l a c e m e n t  may be  overwhelming i t  a t  t  = 2500 t i m e s t e p s .
Table  VI-1 compares t h e  energy  b u d g e t s  o f  t h e  s tanda rd  s h e e t  run  
v i t h V =  n = .0025 and th e  c o a l e s c e n c e  r u n ,  a t  t  -  0 and t  = 2500. I t  can 
be  seen t h a t  t h e  " e x t r a "  energy  f o r  t h e  t h r e e  i s l a n d  r u n  has been d i s s i ­
p a t e d ,  l e a v i n g  a lm os t  e x a c t l y  t h e  same t o t a l  e n e rg y  a t  2500 t i m e s t e p s  a s  
i n  t h e  s t a n d a r d  case* The d i f f e r e n t  p a r t i t i o n  be tween k i n e t i c  and m a g n e t ic  
e n e r g i e s  i s  r e f l e c t e d  in  t h e  l a t e r a l  i s l a n d  m i g r a t i o n ,  and i t  i s  p r o b a b l e
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t h a t  i r  t h i a  run were  ex tended  i t  would ahov t h a t  t h e  l a t e  s t a g e  o f  t h e  
c o a l e s c e n c e  run i a  i n d i s t i n g u i s h a b l e  from t h e  s t a n d a r d  v -  t| 3 *0025  
e a s e .
This  s i m u l a t i o n  seeme t o  g iv e  a  f a i r l y  com ple te  p i c t u r e  o f  t h e  
p r o c e s s  o f  i s l a n d  m e r g e r . Given t h a t  m u l t i p l e  i s l a n d  s t r u c t u r e s  a r e  i n i ­
t i a l l y  p r e s e n t  a lo n g  t h e  b o r d e r  be tween r e g i o n s  o f  o p p o s i t e l y  d i r e c t e d  
m a g n e t i c  f i e l d ;  t h e y  w i l l  merge on  a f a s t e r  t i m e  s c a l e  t h a n  t h e  t i m e  s c a l e  
f o r  t h e  development  o f  l a r g e  i s l a n d s  from a  p e r t u r b e d  s h e e t  p in c h  c o n f i g ­
u r a t i o n .  The merger  i s  accompanied by f l u i d  s t r e a m i n g  a l o n g  t h e  i s l a n d  
s t r i n g  a t  speeds  on t h e  o r d e r  o f  t h e  A l fv e n  speed* A dom inan t  x - p o i n t  
e s t a b l i s h e s  i t s e l f  a lo n g  th e  s t r i n g ,  and x - p o i n t  c u r r e n t  f i l a m e n t s  may 
fo rm, b u t  c o l l e c t i o n s  o f  c u r r e n t  f i l a m e n t s  o f  b o t h  s i g n s  fo rm  n e a r  t h e  
m erg ing  r e g i o n .  The f l u i d  s t r e a m i n g  r e s u l t i n g  f rom t h e  r e l a x a t i o n  o f  t h e  
m erg ing  r e g io n  may c a u s e  " n o n - s t a n d a r d  J e t t i n g "  a l o n g  t h e  g row ing  l a r g e  
i s l a n d .  The f i n a l  s t a t e  seen has a lm os t  I d e n t i c a l  a p p e a r a n c e  t o  t h e  
f u l l y  deve loped  s t a n d a r d  sh ee t  p i n c h  r u n s ,
S in ce  t h e  s i n g l e  I s l a n d  s t r u c t u r e  wan what a lw a y s  emerged from 
t h e  random n o i s e  i n i t i a l  c o n d i t i o n s ,  i t  u n c l e a r  what r o l e  i s l a n d  m erge r  
m ig h t  p lo y  in  p h y s i c a l  s i t u a t i o n s . But i t  seems beyond  d i s p u t e  t h a t  g iven  
t h e  p r e s e n c e  o f  s e v e r a l  i s l a n d s ,  t h e y  w i l l  i n d e e d  merge .
VII. DISCUSSION
A p r i m i t i v e  p h y s i c a l  p i c t u r e  o f  t h e  f i l a m e n t a t i o n  b e h a v i o r  d e s ­
c r i b e d  i n  C h a p t e r s  IV and V was g i v e n  by Dungey. H e r e ,  we may g i v e  a 
s l i g h t  r e f o r m u l a t i o n  o f  Dungey1a m ode l  w h ich  seems t o  a c c o u n t ,  a t  l e a s t  
q u a l i t a t i v e l y ,  f o r  t h e  b e h a v i o r  d e s c r i b e d  i n  p r e v i o u s  c h a p t e r s .
The m a g n e t i c  vo lume f o r c e  on h f l u i d  e l e m e n t  i n  t h i s  geom et ry
i s  [VxB) x B -  JVu. M oreover  j ( ~ x , t )  g e n e r a t e s  u ( x , t )  t h r o u g h  P o l s s o n ' s  
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e q u a t i o n  V a  = - J  , T h i s  means  t t i a t  two f l u i d  e l e m e n t s  c a r r y i n g  c u r r e n t s  
o f  t h e  same s i g n  e x e r t  a t t r a c t i v e  f o r c e s  on each  o t h e r ,  even th o u g h  t h e  
c u r r e n t  d i s t r i b u t i o n  i s  n o t  " f r o a e n  i n ” t o  t h e  f l u i d  t h e  way m a g n e t i c  
f i e l d  l i n e s  a r e .
The c u r r e n t  nay  f i n d  I t s e l f  a t  a  maximum o r  minimum o f  a ,  and 
t h u s  e x e r t  a t t r a c t i v e  f o r c e s  on o t h e r  l i k e d  s i g n e d  c u r r e n t  e l e m e n t s  in  
t h e  v i c i n i t y .  A maximum o r  minimum o f  a  I s  a  a e r o  o f  t h e  m a g n e t i c  f i e l d  
o f  t h e  Q -p o in t  v a r i e t y .  The f l u i d  e l e m e n t s  however a r e  p r o h i b i t e d  by 
t h e  i n c o m p r e s s i b i l i t y  o f  t h e  m a t e r i a l  from f l o w i n g  r a d i a l l y  in w a rd  in  su ch  
a  s i t u a t i o n .  [A m e c h a n i c a l  p r e s s u r e  b u i l d s  up which r e s i s t s  f l o w  t o w a r d  
t h e  0 - p o i n t . )
A z e r o  o f  t h e  m a g n e t i c  f i e l d  can a l s o  o c c u r  a t  a  s a d d l e  p o i n t
i n  a ( jc , t ) ,  where  7a  = 0 but a i s  n e i t h e r  a  maximum n o r  a  minimum; t h i s  i s
a n  x - p o i n t .  The n e a r b y  g e o m e t ry  i s  s k e t c h e d  i n  F i g u r e  V I I - 1 .  Because 7 a
p o i n t s  t o w a r d  t h e  x - p o i n t  on t h e  s t r o n g  f i e l d  s i d e ,  and  away from I t  on
t h e  weak f i e l d  s i d e ,  t h e  m e c h a n i c a l  p r e s s u r e  d o e s  n o t  b u i l d  up  h e r e  t o
61+
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p rev en t  c o l l a p s e  tow ards  t h e  x - p o i n t . A c u r r e n t  f i l a m e n t  a t  an x - p o i n t  
e x e r t s  a  f o r c e  on l i k e - s i g n e d  e lem en ts  which i s  toward t h e  x - p o i n t  a t  
t h e  s t r o n g  f i e l d  co rnerE  and away from i t  a t  t h e  weak f i e l d  c o r n e r s ,
ThiH co r re sponds  t o  t h e  d i r e c t i o n  o f  f l u i d  J e t t i n g  seen i n  t h e  s h e e t  
p in c h  r u n s .  Ab t h e  m a g n e t i c  f i e l d  l i n e s  embedded in  t h e  f l u i d  a re  
s t r e t c h e d  as they a re  d ragged  i n t o  t h e  s t r o n g  f i e l d  c o r n e r s ,  t h e  l o c a l  
c u r r e n t  d e n s i t y  ( p r o p o r t i o n a l  t o  V x B) i a  r a i s e d .  Th is  q b v io u s ly  e n ­
hances  t h e  s t r e n g t h  o f  t h e  f i l a m e n t ,  which e x e r t s  a  g r e a t e r  a t t r a c t i v e  
f o r c e ,  and so on.  The e f f e c t  i s  no t  compensa ted  f o r  by a n y th in g  which 
happens a t  t h e  weak f i e l d  c o r n e r s  o f  t h e  x - p o i n t .  T h e re ,  m a g n e to f lu id  
1b e x p e l l e d ,  but not i n  a  way which s t r e t c h e s  th e  imbedded f i e l d  l i n e s  or  
r a i s e s  t h e  l o c a l  c u r r e n t  d e n s i t y .  F l u i d  e lem en ts  b e a r i n g  magnet ic  f i e l d  
l i n e s  in  th e  +x d i r e c t i o n  a r e  bent in  t h e  r e g i o n s  which approach  t h e  
x - p o i n t  where the  b e n d in g  p roduces  c u r r e n t .  The f i e l d  l i n e s  a r e  r o t a t e d  
th ro u g h  +9 0 ° as t h e y  app ro ach  th e  r e c o n n e c t i o n  r e g i o n .  The f l u i d  e lem en ts  
a p p ro a c h in g  t h e  x - p o i n t  t o  t h e  l e f t  o f  c e n t e r  a r e  r o t a t e d  c o u n t e r  c lo c k ­
w ise  and e x p e l l e d .  S ince  s u c c e s s i v e  e lem en ts  a lo n g  a g iv e n  t r a j e c t o r y  
c a r r y  lower  amounts o f  v e c t o r  p o t e n t i a l ,  when t h e y  emerge th e y  r e i n f o r c e  
t h e  " h i l l s "  in  t h e  weak f i e l d  r e g i o n s ,  i . e . ,  p o s i t i v e  i a  added t o  t h e  
l e f t  r e g i o n ,  and n e g a t i v e  B added t o  t h e  r i g h t  weak f i e l d  r e g i o n .  T h i s
y
c l e a r l y  cause s  th e  i s l a n d s  t o  t h e  l e f t  and r i g h t  (which a r e  t h e  same i s ­
l a n d  in  t h e  l a r g e  i s l a n d  p e r i o d i c  c a s e )  t o  grow in  t h i c k n e s s  in  t h e  y
d i r e c t i o n .  S ince  a t  t h e  i n i t i a l  t ime  i s  s t e e p e r  in  t h e  s t r o n g  f i e l d
&2 -2
r e g i o n s  th a n  in  t h e  weak f i e l d  r e g i o n s ,  — ^  < 0 and — ^  > 0 n e a r  t h e
&y 3x
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x - p a i n t , bu t  |— -A >> | — . Thus t h i s  ( p a r t i c u l a r )  f i l a m e n t  s t a r t s  w i th  
3y Sx
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a p o s i t i v e  c u r r e n t  a t  t h e  c e n t e r ,  i n d u c i n g  t h e  s u b s e q u e n t  p r o c e s s e s .
S in c e  t h e  above r e c o n n e c t i o n  p r o c e s s  t e n d s  t o  d i m i n i s h  t h e  s t r o n g  f i e l d  
{ v a l l e y s  o f  a )  and enhance  t h e  v e a k  f i e l d  ( h i l l s ) ,  t h e  f i l a m e n t  a t  i o n  p r o ­
c e s s  u l t i m a t e l y  s h o u ld  be  s e l f - l i m i t i n g .  When t h e  g rowth  o f  s t e e p n e s s  o f
>
a
2
32t h e  h i l l s ,  measured by growth in  — ^  a t  t h e  * p o i n t  i n c r e a s e s  enough ,
3x
t h e  c u r r e n t  f i l a m e n t  may c ea s e  g ro w th  and d e c r e a s e .  C l e a r l y  when t h e
x - p o i n t  r e g i o n  becomes sym m etr ic ,  j  = 0 a t  t h e  x p o i n t .  But a s  l o n g  aa
t h e  v e c t o r  p o t e n t i a l  h i l l s  in t h e  r e c o n n e c t e d  r e g i o n  do no t  become s t e e p
in  t h e  immediate  v i c i n i t y  o f  t h e  x - p o i n t ,  t h e  f i l a m e n t  a t  i o n  may rem ain
s u b s t a n t i a l . In f a c t ,  t h e  change o f  l o c a l  s t e e p n e s s  may be  k e p t  s m a l l  by
r a p i d  e x p u l s i o n  a l o n g  t h e  c u r r e n t  s h e e t ,  a s  t h i s  p u s h e s  t h e  "new ” v e c t o r
p o t e n t i a l  i n  t h e  r e c o n n e c t e d  r e g i o n  f a r  from t h e  x - p o i n t ,  m a i n t a i n i n g  a 
s 2a
sm a l l  c u r v a t u r e  — ^  n e a r b y .  T h i s  p i c t u r e  i s  c o n s i s t e n t  w i t h  w h a t  has  
3x
been  s e e n  in  t h e  s i m u l a t i o n s ,  inasm uchas  t h e  o b s e r v e d  J e t t i n g  i s  r a p i d ,
and t h e  current f i la m e n ts  were seen  t o  be "p inched” in th e  y  d i r e c t i o n ,
c a u s i n g  t h e  Etrong f i e l d  reg ion s t o  be  very c l o s e  t o  t h e  x - p o i n t ,  im ply-
a2aing  a  l a r g e  n e g a t i v e  v a l u e  o f  — ^ „
ay
Because o f  t h e  l a c k  o f  any k in d  o f  e x a c t  symmetry n e a r  t h e  x -  
p o i n t ,  i t  i s  not e a 3y t o  make any f e a t u r e  o f  t h e  above  p i c t u r e  q u a n t i t a ­
t i v e .  What seems l i k e l y  i s  t h a t  t h e  l o c a l  c u r r e n t  d e n s i t y  b u i l d s  up 
u n t i l  t h e  l o c a l  r a t e  o f  ohmic d i s s i p a t i o n  m a tches  t h e  d r i v i n g  f o r c e  o f  
t h e  f i l a m e n t a t i o n  p r o c e s s .  The c o l l a p s e  o f  t h e  c u r r e n t  d i s t r i b u t i o n  
would t h e n  be l i m i t e d  by f i n i t e  q,  The l o c a l  d i s s i p a t i o n  r a t e  v a r i e s  a s  
pj , w h ich  c o n t r i b u t e s  a  l a r g e r  t o t a l  i n t e g r a l ,  f o r  a  g iv e n  t o t a l  c u r r e n t ,  
a s  t h a t  c u r r e n t  becomes c o n c e n t r a t e d  i n t o  a  s m a l l e r  and  s m a l l e r  a r e a .
Thus f i n i t e  q may l i m i t  n o t  only t h e  maximum o b t a i n a b l e  J ,  b u t  a l s o  t h e
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minimum o b t a i n a b l e  f i l a m e n t  c r o s s  s e c t i o n .  When & f i l a m e n t  becomes sm al l
2enough and  s t r o n g  enought no t h a t  J i n t e g r a t e d  o v e r  t h e  f i l a m e n t  b a l a n c e s  
t h e  r a t e  o f ,  s a y ,  v e c t o r  p o t e n t i a l  f l u x  i n t o  t h e  r e g i o n ,  t h e  p r o c e s s  w i l l  
be l i m i t e d .  For t h e  f o r m u l a t i o n  o f  t h e  problem in  which t h e  v e l o c i t y  
f i e l d  i a  p r e s c r i b e d  f a r  from th e  s h e e t  p i n c h ,  t h i s  makes p o s s i b l e  f o r  an 
a n a l y t i c  e s t i m a t e  of t h e  l i m i t i n g  c u r r e n t  f i l a m e n t  s t r e n g t h .  But no such 
e s t i m a t e  a p p ea r s  t o  be r e a d i l y  a v a i l a b l e  f o r  t h e  i n i t i a l - v a l u e  f o r m u l a t i o n  
used  h e re .
A l l  o f  t h e  t h e o r e t i c a l  models  and c o m p u ta t io n a l  r e s u l t s  p r e ­
s e n t e d  in  t h i s  t h e s i s  have  assumed t h a t  t h e  MUD f l u i d  i s  i n c o m p r e s s i b l e .
Many i n v e s t i g a t i o n s  o f  s i m i l a r  t o p i c s *  s u ch  a s  F e t s o h e k ' a  t h e o r e t i c a l
15 2^model and Sa to  and H a y a s h i ' s  s i m u l a t i o n s  have a l lo w e d  t h e  l o c a l  plasma
d e n s i t y  t o  v a r y .  Though t h e  i s s u e  o f  t h e  c o m p r e s s ib l e  MHD s h e e t  p in c h  
w i l l  no t  be a d d re s sed  h e r e ,  t h e  i n c o m p r e s s i b i l i t y  a s su m p t io n  i s  d i s c u s s e d  
in  Appendix D. The a p p r o p r i a t e  c o n d i t i o n s  f o r  t h e  v a l i d i t y  o f  t h e  
p = un i fo rm ,  7 ' v  = 0 a p p r o x im a t io n  a r e  t h a t  ( i )  t h e  f l u i d  v e l o c i t y  i s  
much l e s s  t h a n  t h e  sound s p e e d ,  ( i i )  sound s i g n a l s  p r o p a g a t e  t o  a l l  bound­
a r i e s  in  much l e a s  t ime t h a n  t h e  c h a r a c t e r i s t i c  t im e  f o r  l o c a l  v e l o c i t y  
v a r i a t i o n s  and ( i i i )  e i t h e r  t h e  A l fven  speed  i s  much l e s s  t h a n  t h e  sound 
□peed, o r  t h e  l e n g t h  s c a l e  f o r  s p a t i a l  v a r i a t i o n  o f  t h e  l o c a l  Alfven  speed 
1 b much g r e a t e r  than  t h e  l e n g t h  c h a r a c t e r i s t i c  o f  v e l o c i t y  f i e l d  v a r i a t i o n s .  
The f i r s t  two c o n d i t i o n s  a r e  i d e n t i c a l  t o  t h e  i n c o m p r e s s i b i l i t y  r e q u i r e ­
ments i n  H av ie r -S to k es  f l o w .  The second a l t e r n a t i v e  o f  c o n d i t i o n  ( i i i )  
i s  e q u i v a l e n t  to  t h e  s t a t e m e n t  t h a t  a  f l u i d  e l e m e n t ,  in  u n i t  t i m e ,  does  
no t  p a s s  th ro u g h  r e g io n s  o f  l a r g e  f r a c t i o n a l  v a r i a t i o n  o f  A lfven  s p e e d .
The f i r s t  two re q u i re m e n ts  may be s a t i s f i e d  by c hoos ing  t o  ap p ly  t h e
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r e B u l t s  on ly  f o r  systems w i th  h ig h  sound s p e e d s ,  C , s i n c e  C does n o ts s
a p p e a r  in  t h e  dynamical mode l ,  u n l e s s  one s o l v e s  f o r  t h e  p r e s s u r e ,  The
2
c o n d i t i o n  i s  s a t i s f i e d  whenever  t h e  m agnet ic  p r e s s u r e  B /U tt i s
much l e s g  than  th e  m ech an ica l  p r e s s u r e ,  ( h e r e  o r d i n a r y  egg u n i t s  a r e  
u s e d , }  The l a t t e r  c o n d i t i o n  in  ( i i i )  may be  w e l l  s a t i s f i e d  f o r  many 
two d im en s io n a l  f lows . We have a l r e a d y  o b s e r v e d  t h a t  £-d  MHD produces  
l a r g e  s c a l e  magnet ic  s t r u c t u r e s ,  and s m a l l e r  s c a l e  v e l o c i t i e s  in  q u i t e  
g e n e r a l  c i r c u m s ta n c e s ,  So,  on t h e  a v e r a g e ,  t h e  l a t t e r  c o n d i t i o n  i s  e x ­
p e c t e d  t o  be f u l f i l l e d  p r o v id e d  e^/A i s  n o t  t o o  l a r g e .  In t h e  s h e e t  p i n c h  
s i m u l a t i o n s  p r e s e n t e d  h e r e  v e l o c i t i e s  on t h e  o r d e r  o f  t h e  Alfven speed 
were  observed  in  some r u n s  ( though  o n ly  - 15$ o f  t h e  Alfven v e l o c i t y  was 
s ee n  in  t h e  most r e l i a b l e  s i m u l a t i o n s ) .  The h ig h  v e l o c i t y  j e t t i n g  was 
more o r  l e s s  conf ined  t o  th e  c u r r e n t  s h e e t s ,  and was a long  them. The 
c u r r e n t  s h e e t  re g io n s  were o r i g i n a l l y  n e u t r a l  (B = 0 ) l i n e s  and A lfven  
v e l o c i t y  i s  v e ry  sm al l .  Thus t h e  << Cg c r i t e r e o n  may be w e l l  s a t i s f i e d  
In  t h i s  r e g i o n .  A l t e r n a t i v e l y ,  s i n c e  t h e  h i g h  speed f l u i d  i s  c h a n n e l l e d  
down th e  r e g io n  o f  low A lfven  s p e e d ,  i t  i s  q u i t e  l i k e l y  t h a t  each f l u i d  
e lem ent  s ees  a f r a c t i o n a l  v a r i a t i o n  o f  l o c a l  a long  i t s  u n i t  t im e  t r a ­
j e c t o r y  which i s  no t  v e ry  l a r g e .  The on ly  t ro u b l e s o m e  spot may be in  t h e  
immedia te  v i c i n i t y  o f  t h e  x - p o i n t s ,  where t h e  v e l o c i t y  has l a r g e  s p a t i a l  
g r a d i e n t s ,  a s  doeE th e  m agne t ic  f i e l d  s i n c e  t h e  x - p o i n t  i s  sandwiched 
be tw een  s t ro n g  f i e l d  z o n es .  Thus i t  I s  e x p e c t e d  t h a t  t h e  i n c o m p r e s e i b i l l t y  
a p p ro x im a t io n  y i e l d s  v a l i d  r e s u l t s  in  th e  s i m u l a t i o n s  p r e s e n t e d ,  e x c e p t  
p o s s i b l y  f o r  m o d i f i c a t i o n s  n e a r  t h e  x - p o i n t  r e g i o n  due t o  shocks .  I t  i s  
hoped t h a t  t h e s e  m o d i f i c a t i o n s  a r e  no t  too l a r g e  f o r  a  f l u i d  w i th  l a r g e  C^.
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The fou r  e s s e n t i a l  p h y s i c a l  r e s u l t s  d e m o n s t r a t e d  i n  t h i s  t h e s i s  
a r e  t h a t  (1 )  t h e  t w o - d im e n s io n a l  MHD s h e e t  p i n c h  e v o l v e s  on a  t i m e  s c a l e  
on t h e  o r d e r  o f  1 -  10 ( A l f v e n  t r a n s i t  t i m e s  o f  u n i t  d i s t a n c e ) ,  f i i )  
t h e  m agne t ic  f i e l d  r e c o n n e c t s  t o  form t h e  l a r g e s t  i s l a n d s  a l l o w e d  by t h e  
geometry ,  ( i i i j  t h e  r e c o n n e c t i o n  i s  m e d i a t e d  by  x - t y p e - n e u t r a l - p o i n t s , 
abou t  which c u r r e n t  f i l a m e n t s  form and ( i v )  m a g n e t o f l u i d  j e t t i n g  on t h e  
o r d e r  o f  10 -2 0 $  o f  t h e  A l fv e n  speed 13 s ee n  a lo n g  t h e  c u r r e n t  s h e e t s .  The 
maximal a l l o w e d  r e c o n n e c t i o n  energy  and  v e l o c i t y  energy  seem t o  be  t h o s e  
i n f e r r e d  from t h e  e q u i l i b r i u m  ensemble  t h e o r y .  That t h e o r y  i n d i c a t e s  
t h a t  f o r  t h e  n o n - d i s s i p a t i v e  e a se  no more  t h a n  6% o f  t h e  e n e r g y  may show
u p  in  t h e  v e l o c i t y  f i e l d ,  and  no more t h a n  a b o u t  lb $  o f  t h e  energy  may
2 2r e c o n n e c t  o r  o t h e r w i s e  be  t r a n s f e r r e d  t o  m a g n e t i c  modes w i t h  k > k , .
inln
The slow t e n d e n c y  o f  t h e  s y s te m  t o  become i s o t r o p i e  a l l o w s  t h a t  h a l f  o f
2 2t h e  r em a in !n g  energy  may r e c o n n e c t  t o  t h e  n o n - s h e e t  k = k mode.mm
These numbers p r o b a b ly  o v e r e s t i m a t e  t h e  a c t i v i t y  o f  any d i s s i p a t i v e  s h e e t  
p in c h .  In  d i s s i p a t i v e  s h e e t  p i n c h e s ,  e v e n  w i t h  v a n i s h i n g l y  sm a l l  r e s i s ­
t i v i t y ,  t h e  r e c o n n e c t i o n  p r o c e s s  must compete  w i t h  ohmic  d i s s i p a t i o n  o f
energy which may n o t  v a n i s h  a t  t h e  x - p o i n t  f i l a m e n t s  e v e n  a s  n *+■ 0 .  The
2n o n - v a n i s h i n g  o f  h j  i n t e g r a t e d  over  t h e  x - p o i n t  r e g i o n  an r\ ■+ 0 has  n o t  
been d e m o n s t r a t e d  h e r e .  I t  seems p o s s i b l e ,  however ,  t h a t  t h e r e  may e x i s t  
s t e a d y  s t a t e  s o l u t i o n s  w h ich  w i l l  d e m o n s t r a t e  t h e  c o n s i s t e n c y  o f  t h a t  
l i m i t i n g  p r o c e s s .  The p o s s i b l e  n o n - v a n i s h i n g  o f  l o c a l  d i s s i p a t i o n  would 
a l  so be c o n s i s t e n t  w i t h  t h e  n Brent h e r  to il  H a i d v o g e l ” h y p o t h e s i s
f W 4(A ■+ 0,  e -x-Hl, as n -+ 0) p r o v i d e d  t h a t  v e c t o r  p o t e n t i a l  d i s s i p a t i o n  d o es  
v a n i s h  f o r  n 0- The f i n i t e  d i s s i p a t i o n  r u n s  shows t h a t  m o d e ra te  n s e v e r ­
e l y  l i m i t s  p r o d u c t i o n  o f  t o t a l  k i n e t i c  e n e r g y ,  mean s q u a r e  c u r r e n t  and
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e n a t r o p h y ,  w h i le  damping h u t  by no means e l i m i n a t i n g ,  t h e  s t r e n g t h  of 
F lu id  J e t t i n g  from th e  x - p o i n t s  and t h e  c u r r e n t  F i l am e n t  s t r e n g t h .  The 
s i m u l a t i o n  of  m u l t i p i e - i s l a n d  i n i t i a l  c o n d i t i o n s  d e m o n s t r a t e d  t h e  t e n d ­
ency o f  t h e s e  i s l a n d s  t o  r a p i d l y  merge i n t o  l a r g e  s c a l e  s t r u c t u r e s ,  w i th  
t h e  t im e  For comple t ion  o f  c o a l e s c e n c e  b e in g  ab o u t  e q u a l  t o  t h e  minimum 
d oub l ing  t ime f o r  n o n - s h e e t  m ag n e t ic  energy  i n  t h e  s h e e t  p inch  c a s e .
Among t h e  p o s s i b l e  r e f i n e m e n t s  and e x t e n s i o n s  t o  t h i s  work,  
f i r s t  and foremost i s  t h e  need t o  p e r fo rm  such  s i m u l a t i o n s  on l a r g e r  
k - sp a ce  g r i d s ,  so t h a t  t h e  a c c u ra cy  o f  modera te  R e y n o l d s 1 numbers runs  
may be u n e q u i v o c a l l y  d e m o n s t r a t e d ,  and  so t h a t  ve ry  l a r g e  Reynolds  number 
s i m u l a t i o n s  may be done ,  y i e l d i n g  s c a l i n g  laws f o r  v a r i o u s  q u a n t i t i e s  
witJi v i s c o s i t y  and r e s i s t i v i t y .  S ec o n d ly ,  i t  may be p o s s i b l e  t o  c o n s t r u c t  
a s p e c t r a l  method code t o  s i m u l a t e  t h e  development o f  a s i n g l e  s h e e t  c u r ­
r e n t ,  t h ough  i t  i s  no t  c l e a r  how t h i s  might he done .  F i n a l l y ,  t h e r e  
e x i s t s  t h e  p o s s i b i l i t y  o f  c o n s t r u c t i n g  s u i t a b l e  a p p ro x im a te  s o l u t i o n s  f o r  
t h e  r e c o n n e c t io n  r e g i o n s ,  t o  d e m o n s t r a t e  t h e  f e a s i b i l i t y  o f  t h e  a n a l y t i c a l  
l iypotheseg o u t l i n e d  above.
APPENDIX A
ELABORATION ON CERTAIN ASPECTS OF THE NUMERICAL METHOD
In t h i s  s e c t i o n ,  f o r  t h e  s ak e  o f  com ple teness  s ev e ra l  t o p i c s  
d e a l in g  with  t h e  com pu ta t ions  a r e  d i s c u s s e d *  For e x h a u s t i v e  t r e a t m e n t s  
th e  r e a d e r  is  r e f e r r e d  to  t h e  r e f e r e n c e s ,
1, Two Dimensional D i s c r e t e  F o u r i e r  T rans fo rm s
The one d im ens iona l  d i s c r e t e  i n v e r s e  t r a n s f o r m  o f  a  q u a n t i t y  b ( x )  
in  a  p e r i o d i c  i n t e r v a l  L, where  x i s  m easured  in  u n i t s  o f  7^ -  i s
h e re  N i s  the  number o f  k v a l u e s  r e t a i n e d ,  where th e  sum i s  over
an  even in teger*  The x v a l u e s  can no l o n g e r  be t r e a t e d  a s  having a  c o n ­
t i n u o u s  domain; M d e g re e s  o f  freedom i n  t h e  t r a n s fo rm  space  should c o r r e s ­
pond to  th e  same number in  x s p a c e .  Choosing  th e  M a l low ed  x v a lu e s  t o  
be e q u a l l y  spaced m a in ta in s  t h e  symmetric p r o p e r t i e s  o f  t h e  t r ans fo rm *
C l e a r l y  t h i s  ren d e rs  t h e  e x p a n s io n  p e r i o d i c  In  b o th  x and k,  so t h a t
[ A - l l
k
}; b o t h  k and q a r e  i n t e g e r s  and N i s  assumed t o  be
Then th e  allowed v a l u e s  o f  x a r e  x = J?ttN n ;  n = 0 , 1
b(k)  = b (k  + N) and b 3nn + 2ttN N )
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Thus t h e  sum ( A - l )  can e q u a l l y  v e i l  r e f e r  t o  k = 0 , 1  . W -  1- The 
k s p a c e  p e r i o d i c i t y  i s  no more  t r o u b l e s o m e  t h a n  i s  t h e  x s p a c e  p e r i o ­
d i c i t y  mr w he ther  i t  i s  deemed a  m a t h e m a t i c a l  a r t i f a c t  o r  n o t  must be 
c o n s i d e r e d  a  m a t t e r  o f  i n t e r p r e t a t i o n  in a  g i v e n  problem* The t r a n s f o r m  
I s  d e f i n e d  as
Suppose ve  t r y  t o  r e c o v e r  b ( x )  from (A-2} by  i n v e r s e  t r a n s ­
fo r m in g .  E v a l u a t i o n  o f  t h e  r i g h t  hand s i d e  o f  A - l  shovs
Now i f  n-m -  pN where  p i s  any  i n t e g e r  ( i . e .  , n E m (mod N)) t h e n  e ach  
te rm  i n  t h e  k^ sum i s  equa l  t o  u n i t y ,  a s  i s  t h e  k" i n d e p e n d e n t  e x p o n e n t i a l ,  
( i n  t h i s  c a s e ,  p may only  be  0 o r  1*) Then I t  I s  c l e a r  t h a t  t h e  sum y i e l d s  
b(2Trm /N),  t h e  r e q u i r e d  r e s u l t *  I f  n -  m ^ pN f o r  any  i n t e g e r  p ,  t h e  k '  sum 
g i v e s  0, T h i s  c an  e a s i l y  b e  s een  by e v a l u a t i o n  o f  t h e  sum a s  g e o m e t r i c  
s e r i e s ,  from which
(A-2)
H/2 N -  1
(^)
k2mn k2nn
L e t t i n g  k" -  k + N/2 -  1 and i n t e r c h a n g i n g  summations  g i v e s
N -  1 N -  1
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N -  1
3 c + u - V  Wn i STTik^Cn-m)/  STTik tn -m )/N  1-ez_i e -  -----
k" -  0 1 - e
S Tik^tn-inJ/H _ l - e £ . ^ f *
 2 ir i (n -m)/N '  0 l f  ” *  m t"” 1 ^
The i n v e r s e  tranGform o f  t h e  t r a n s f o r m  o f  a f u n c t i o n  i s ,  t h e n  th e  same 
fu n c t io n  d e f i n e d  on t h e  g r i d  p o in t s *
The g e n e r a l i z a t i o n  o f  t h e  above r e s u l t s  f o r  two d imens ions
fo l l o w  d i r e c t l y .  The two d im e n s io n a l  d i s c r e t e  F o u r i e r  t r a n s f o r m  and i n -
2v e r s e ,  on an N g r i d  a r e :
i )  = Xb ( x ) J - j  b ( k ) e' 
keS+
-  t r 2 X  , l 5 , ;b (k )  = N-  ^  /  > b (x )  e
xeS-+x
where
3 J -  ( S | - ! < * X < § ; - § <  k y < | )  ,
2TTbo th  wavenumbers i n t e g e r ,  and 5-* = {x = —  (n,in] | 0 <_ n < Ni n } ,LY 1,1
n and m i n t e g e r s .  I t  i s  a l s o  c l e a r  t h a t  t h i s  t r a n s f o r m  has  t h e  fo l lo w in g  
p r o p e r t i e s  ( p ,  q i n t e g e r s ) :
( i )  P e r i o d i c i t y  In  x s p a c e  ( i n t e r v a l  2tt)
b ( x )  -  b (x  + 2TTpe + £irqe )x y
( i i )  P e r i o d i c i t y  in  k sp ace  ( i n t e r v a l  M)
b ( k )  = b (k  + pWe^ + qNe^]
7^
( i l l )  R e a l i t y  -+ c o n j u g a t e  symmetry  an d  i n v e r a e
b ( x )  -  b * ( x )  i f f  b ( k }  = b * ( - k )
r M . '“it* "+1 -b ( x )  = -b  ( x )  i f f  b ( k )  -  - b  ( - k )
( l v )  The c o m p l e t e n e s s ,  o r  o r t h o g o n a l i t y  r e l a t i o n  i s
i i
N2
ik*{ x - x ' ) l  i f
N -  N > f ,  tll x = 7;— x (mod NJ 2 tt2 f
< and
\ JLy = JL
[  2*tt J Sit
o t h e r w i s e
y '  (nod W)
N XES-* X
i x  * ( k -  k ' }  =
k = it (mod N)X X
1 i f  (  and
ky = {nod N)
o t h e r w i s e
The above  f o l l o w  d i r e c t l y  from t h e  p r e v i o u s  r e s u l t  f o r  t h e  one d im en­
s i o n a l  e a se  and  t h e  symmetry b e tw een  x and  k apace  [ e x c e p t  f o r  s c a l i n g
by  x  ■
S i n c e  t h e  x sp ac e  f i e l d s  i n  f l u i d  f l o w s  a r e  r e a l ,  p r o p e r t y
( i i i )  i s  r e l e v a n t ,  and t h i s  has  s u b s t a n t i a l  im p a c t  on t h e  c o n s t r u c t i o n  
o f  t h e  n u m e r i c a l  method ,  as  do t h e  p e r i o d i c i t y  p r o p e r t i e s  ( i )  and  ( i i ) *  
The s t r u c t u r e  o f  k s p a c e  f o r  a r e a l  x a p a c e  f i e l d  a r e  s c h e m a t i c a l l y  
i l l u s t r a t e d  i n  F i g u r e  A - l .  The k b o u n d a r i e s  a r e  k^ = l i /2 ,  k^ = -N /2  + 1 ,  
k = N/2 ,  k = - l i / 2  + 1 ,  i n c l u s i v e .  T h i s  c o r r e s p o n d s  t o  N complex  num-
y  y
b e r s  o f  which o n ly  N(N + l ) / 2  n o n - z e r o  modes (complex  numbers ) a r e  i n -
d e p e n d e n t  by v i r t u e  o f  b ( - k )  = b ( k ) .  The k = 0 mode i s  o f  c o u r s e  a
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r e a l  mode. These  i n d e p en d e n t  modes may be  ta k e n  a s  t h o s e  w i t h  >_ 0
when k ^  0 and k > 0  when k < 0 .  However t h e  p e r i o d i c i t y  p r o p e r t y  y ~  x y
i m p l i e s  t h a t  b(W/2» k ) = b * ( - N / 5 t *-k ) = b * (N /2 ,  - k  ) 30  t h a t  t h ey  y  y
k = H/2,  k < 0 boundary  can b e  t r e a t e d  a s  d e p e n d e n t  on t h e  k = N /2 ,^ y x
k > 0  boundary  and bfM /2 ,  0) i s  r e a l .  L ik ew ise  t h e  k = (N /2 ,  H/2) mode
y
and k = ( 0 ,  W/£) mode a r e  r e a l  s i n c e ,  f o r  example  b ( N / £ ,  N/2) = b * ( - r j / 2 ,  
-N /2 )  = b 'V - N /J ,  N/2) = b*(N/£?, t i / 2 ) .  The t r a n s f o r m  s p a c e  has  N^/2 -  £ 
complex modes and b r e a l  modes f o r  a  t o t a l  o f  tf d e g r e e s  o f  f reedom a s  
does  x space .
These p r o p e r t i e s  c a u s e  s u b s t a n t i a l  s a v i n g s  i n  s t o r a g e  and com­
p u t a t i o n  t im e  when s i m u l a t i n g  r e a l  f l o w s -  In  p a r t i c u l a r  FPTs w h ich  a l l o w  
s p e c i a l  p r o c e d u r e s  f o r  r e a l  t o  c o n j u g a t e  symmetr ic  d a t a  u s u a l l y  im plem ent  
a  r educed  a l g o r i t h m ,  t h e  b a s i s  o f  w h ich  w i l l  be d i s c u s s e d  i n  s e c t i o n  A-3- 
Befo re  t u r n i n g  t o  t h e  t o p i c  o f  t h e  b a s i c  FFT a l g o r i t h m ,  i t  
seems a p p r o p r i a t e  t o  p rove  a  t h e o r e m  which th o u g h  m a t h e m a t i c a l l y  c o r r e c t ,  
c o n t a i n s  an a s su m p t io n  which i s  u s u a l l y  i n c o n s i s t e n t  w i t h  t h e  p h y s i c a l  
i n t e r p r e t a t i o n  oT a  F o u r i e r - G a l e r k i n  n u m e r i c a l  scheme* T h i s  t r o u b l e s o m e  
a s su m p t io n  i s  t h a t  o f  k space  p e r i o d i c i t y .  For c l a r i t y  t h e  theorem  i a  
p r e s e n t e d  In one dimens ion*
Theorem on ( P e r i o d i c )  D i s c r e t e  C o n v o l u t i o n s :
■■
A k space  c o n v o l u t i o n ,  d ,  o f  two t r a n s f o r m s  b and  e may b e  
e v a l u a t e d  by t r a n s f o r m i n g  b ( x ) e ( x ) .
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P ro o f :
N/2
Xd ( k )  Z_ iH b ( p )  e ( k  -  p)
P -  -  S  + 1
N/2
= t r 2 X „  Z  T.(x) e lpx X  c(y)  Bi ( k  ‘  p)ynP S -  g- + l  * y
n / 2
= > - 2 I  I  b<*> =Cyl e illy X ,  e l p ( x  -  y l
X y p = -  o + 1
= jj ^  b f x ]  c ( x )  e lk jt
In t h e  above  t h e  p e r i o d i c i t y  p r o p e r t i e s  have  been  u s e d .  F i r s t ,  t o  u n ­
a m b ig u o u s ly  d e f i n e  c f k - p )  when k - p  i s  o u t s i d e  o u r  c o n v e n t i o n a l  i n t e r v a l .  
S e c o n d l y ,  when t h e  sum o v e r  t h e  e x p o n e n t i a l  I s  p e r f o r m e d  y i e l d i n g  N i f  
x - y  i s  an i n t e g e r  m u l t i p l e  o f  2tt an d  a e r o  o t h e r w i s e .  I t  t u r n s  o u t  t h e  
l a t t e r  i s  a c c e p t a b l e  b u t  t h e  f o r m e r  n o t  a c c e p t a b l e .  To c o m p le t e  t h e  d e ­
m o n s t r a t i o n ,  t h e  c a l c u l a t i o n  i s  i n v e r t e d ,  s t a r t i n g  from t h e  above  r e s u l t
d ( k ]  = N * b ( x )  c ( x )  
x
■ iT1 X  Z  5(p)  S U )  Z  e 1(k -  » '  I ) *
p q X
Nov s i n c e  t h e  x sum i s  0 u n l e s s  p +■ q = k (mod N ) ,  In which c a s e  i t  
y i e l d s  N, t h i s  becomes
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■ Xd(k}  - X j  c ^k -  P -  J w5
P
where j  la  any i n t e g e r  such t h a t  p + q -  k + JN. Note t h a t  J f  0 v a l u e s  
may o ccu r  even i f  p and q a r e  g i v e n  t h e i r  c o n v e n t i o n a l  l i m i t a t i o n s .  In 
f a c t  J -  +_ 1 a r e  p o s s i b l e  in t h i s  c a s e .  However i f  c(*)  = c{* ±  N) i s  
assumed I t  fo l l o w s  t h a t
- Xd(k) = b{pl c ( k  -  p)
P
and t h i s  givea th e  a p p ea ra n ce  o f  a  v a l i d  p ro c e d u re  fo r  c a l c u l a t i n g  t h e  
c o n v o l u t i o n .
The e r r o r  i n  t h i s  p r o c e d u r e  I s  t h e  f o l l o w i n g .  The p h y s i c a l  
assumption i s  t h a t  t h e  c u t - o f f  i n  k apace  a d e q u a t e l y  a p p ro x im a te s  our  
system by v i r t u e  o f  t h e  h ig h e r  k c o n t r i b u t i o n s  b e in g  i g n o r a b l e .  The 
m athem at ica l  p r o p e r ty  o f  p e r i o d i c i t y  however,  i f  u sed ,  cause s  t h e  con­
t r i b u t i o n s  to  ti le c o n v o lu t io n s  from o u t a i d o  t h e  t r u n c a t e d  sp ace  (when 
p +■ q ^ S^l t o  t a k e  t h e  ap p ea ra n ce  o f  t h e  c o n t r i b u t i o n s  from t h e  r e t a i n e d  
modes. This e r r o r  i s  t h e  a l i a s i n g  e r r o r .  In f a c t  th e  c o n v o l u t i o n  should  
be w r i t t e n  as
- X  I  u pfo r  keS : D(k) = L *  I ,  3{p + q -  k) b{p) c{q)
p e s k <j£Sk
where 6 -  0 I f  th e  a rgument Is  a e r o  and = 0 o t h e r w i s e .  I t  i s  c l e a r  then  
t h a t ,  in  t e r n s  o f  t h e  above d e f i n i t i o n ,  t h e  p r e v i o u s l y  c a l c u l a t e d  c o n v o l -  
u t i o n  d (k )  i s  r e l a t e d  by
d ( k )  = D(k) + D(k + N) + D(k -  Hi
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Terms l i k e  D(k + £H}, e t c .  do n o t  a p p e a r  s i n c e  | p  + q -  k[ i s  3 t r i c t l y  
l e s s  t h a n  2N.
The Eubject o f  t h e  removal o f  t h e s e  s y s t e m a t i c  e r r o r s  from a l ­
g o r i th m s  w hich  use t h e  d i s c r e t e  c o n v o l u t i o n  theorem  h a s  been t h e  b e n e f i —
3I+ ' i r
c i u r y  o f  a  g r e a t  d e a l  o f  i n g e n i o u s  work by O rssag  an d  P a t t e r s o n  and
has been d i s c u s s e d  p r e v i o u s l y  by S a lu  and F ^ fe .  T h e r e  a r e  two b a s i c  
p ro c e d u re s  f o r  s u p p r e s s i n g  t h e s e  e r r o r s .  One i s  t o  d o u b l e  each  k s p a c e  
d im e n s io n a l  c u t o f f  and  a s s i g n  t h e  v a l u e  o f  s e r o  t o  t h e  new modes b e f o r e  
th e  t r a n s f o r m  t o  x s p a c e  i s  p e r f o r m e d .  Then t h e  l o c a l  x sp ace  m u l t i ­
p l i c a t i o n  i s  performed on t h e  e x t e n d e d  ( f i n e r  s c a l e )  g r i d  and f i n a l l y  
t h e  r e s u l t  i s  t r a n s f o r m e d  back  t o  k s p a c e .  While t h i s  p r o c e d u r e  removes 
t h e  e r r o r  i t  r e q u i r e s  l a r g e r  s t o r a g e  and l o n g e r  t r a n s f o r m s .  Bo an e q u i v ­
a l e n t  method was d e v i s e d  by  O rssag  i n  w hich  t h e  e q u i v a l e n t  o f  t h e  e x t e n d e d  
k Epace s i m u l a t i o n s  i s  a c c o m p l i s h e d  by  d o in g  each s t e p  o f  t h e  [ n o n -  
e jt tended g r i d )  p ro c e d u re  on s e v e r a l  g r i d s ;  t h e  o r i g i n a l  and a  d im e n -  
s i o n a l l y  d e p en d en t  number o f  " p h a s e  s h i f t e d "  g r i d s .  An a p p r o p r i a t e  l i n e a r  
com bina t ion  o f  t h e  r e s u l t s  i s  formed* g i v i n g  t h e  e x a c t  r e E u l t .  The a l t e r ­
n a t i v e  g e n e r a l  method, w h ich  i s  i n e x a c t ,  i s  t o  o n ly  p a r t i a l l y  d e - a l i a s e  
t h e  r e s u l t &* b u t  to  r e g u l a r l y  p e r fo rm  a  t r u n c a t i o n  i n  k  space  i n  which 
a l l  modes o u t s i d e  a  c e r t a i n  r e g i o n  a r e  s e t  t o  z e r o .  In  t v o  o r  more d i ­
mensions t h i s  a l lows  a l l  b u t  t h e  " m u l t i p l y - a l i a s e d "  e r r o r s  t o  be  removed 
w i th  a g r e a t  e f f i c i e n c y  improvement  a v e r  t h e  e x a c t  m e th o d .  To c l a r i f y  
t h i s  p o i n t ,  n o t e  t h a t  i n  two d im e n s io n s  t h e  r e l a t i o n s h i p  be tween d ( k )  
and D(k} ( t h e  c r u d e ly  c a l c u l a t e d ,  and d e s i r e d  r e s u l t s ,  r e s p e c t i v e l y }  
becomes
d(k) -  D(k) + . . .  d{k + aN, k + Bn) . .x y
T9
where t h e  g e n e r a l  t e r m  i n c l u d e s  a t B each t a k i n g  on any o f  t h e  v a l u e s  
1 or  0 {but n o t  b o th  □ ) .  The v e r s i o n  o f  t h e  O r s a o g - P a t t e r s o n  method 
used  f o r  th e  s i m u l a t i o n s  in  t h i s  paper  remove t h e  s i n g l y  a l i a s e d  e r r o r s  
( o f  which t h e r e  a r e  f o u r  in two d im en s io n s )  by  s h i f t e d  g r i d  c a l c u l a t i o n s ,  
h u t  t h e  doubly  a l i a s e d  e r r o r s  ( o f  which t h e r e  a r e  two} a r e  s u p p re s s e d  
by i s o t r o p i c  t r u n c a t i o n  o f  t h e  p h a se  s p a c e .  Tha t  i s *  on ly  modes w i t h  
k2 <_ ^ = -  (|^)2 a r e  r e t a i n e d  in t h e  dynamics o f  t h e  MID f l u i d .
2 .  The F as t  F o u r i e r  T rans fo rm  i n  one and two d im ens ions
The c a l c u l a t i o n  o f  d - d i m e n s i o n a l  d i s c r e t e  F o u r i e r  t r a n s f o r m s  on an 
N^ g r i d  by s t r a i g h t f o r w a r d  methods r e q u i r e s  a  number o f  c o m p u ta t io n a l  
s t e p s  (and t h e r e f o r e  t im e )  p r o p o r t i o n a l  t o  N2^ . T h i s  i s  much g r e a t e r  th a n  
t h e  number o f  Bteps  r e q u i r e d  t o  pe r form  an e q u i v a l e n t  c a l c u l a t i o n  ( such  an 
v 'Vv) w i th  a f i n i t e  d i f f e r e n c e  scheme, The adven t  o f  t h e  Cooley-Tukey 
F a s t  F o u r i e r  T ran s fo rm "^  and i t s  many v a r i a n t s  and " r e d u c t i o n s " ”^  has  
a l low ed  th e  above c o m p u ta t io n  t o  be  done in  t im e  p r o p o r t i o n a l  t o  dNd !,nW. 
Th i s  speed-up* and t h e  p r o l i f e r a t i o n  of  l a r g e ,  f a s t  com pu te rs  has made 
p o s s i b l e  t h e  deve lopm ent  o f  a c c u r a t e  f l u i d  s i m u l a t i o n s .  T h i s  s e c t i o n  
f i r s t  p ro v id es  t h e  s i m p l e s t  p o s s i b l e  e x p o s i t i o n  o f  how t h e  Cooley-Tukey 
a l g o r i t h m  works m a t h e m a t i c a l l y  in  i t s  most g e n e r a l  form. N ex t ,  t h e  
a d a p t a t i o n  of  t h e  a l g o r i t h m  to  t h e  two d im e n s io n a l  g r i d  in d i s c u s s e d .
The Cooley-Tukey p r o c e d u r e  w i l l  be  e x p l a i n e d  f o r  a one d imen­
s i o n a l  g r i d  w i th  N p o i n t s .  Both  t h e  x and k space  f u n c t i o n s  a r e  assumed 
p e r i o d i c  i n  N bo t h a t  t h e i r  domains may be  s y m m e t r i c a l l y  chosen  t o  be 
from 0 t o  N - l .  F u r th e r m o re  N s h a l l  be r e s t r i c t e d  to  be a power o f  
2(N = I?™). For n o t a t i o n a l  co n v en ie n c e  t h e  x space  f u n c t i o n  a w i l l  be 
d e f i n e d  on a  s e t  o f  i n t e g e r s  so  t h a t
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a ( x )  ■* a( n )
in  t h i s  t r e a t m e n t ,  where x = £irn/N. D e f in e  a  sequence o f  f u n c t i o n s  o f  
two i n t e g e r s  as
a l - i
F ^ k . n )  = ^  exp a  + n j  (A-2-a)
By i n s p e c t i o n  i t  i s  c l e a r  t h a t  t h e  o r i g i n a l  f u n c t i o n  ie
FQ( 0 , n )  = a ( n )
T h i s  may be  though t  o f  as th e  b e g in n in g  o f  t h e  sequence f o r  t h e  forward  
t r a n s fo rm .  I t  i s  a l s o  c l e a r  t h a t
N -  1
F (k>0)  -  M"1 2  « p  P ^ l  a ( j>  
J = 0 L  J
= a ( k )
t h e  F o u r ie r  t r a n s f o r m  o f  a .  The sequence e lem ent  ie  p e r i o d i c  i n  i t s
%
f i r s t  a rgument ,  w i th  p e r i o d i c i t y  l e n g t h  £ „ T h i s  can he aeen from 
d i r e c t  e v a l u a t i o n .  L e t t i n g  q b e  any I n t e g e r
2 * - l
F ^ k  + 2*q.n} =
£*-1
= F£( k , n ) ( A - 2 - h }
flx
which i s  t h e  d e s i r e d  r e s u l t .  The f u n c t i o n  i s  a l s o  p e r i o d i c  in  i t s
£
second a rgum ent ,  w i th  p e r i o d i c i t y  l e n g t h  N/2 * By d i r e c t  e v a l u a t i o n
R e d e f in i n g  t h e  index o f  summation b y r = j + q t h i s  becomes
V  fsTTikr 1 T Snikql [j
4 ,  exp  [ — J  “ p  [ '  “ 7 1  a  [:
Now s i n c e  a  has p e r i o d i c i t y  l e n g t h  W i n  i t s  a r g u m e n t ,  i t  has  p e r i o d i c i t y
£o f  2 in  r ,  So i f  t h e  r  i n d e p e n d e n t  e x p o n e n t i a l  i s  t a k e n  o u t s i d e  t h e  sum
JIand th e  sum a g a i n  r e d e f i n e d  by .1 = r  -  q ,  w h i l e  n o t i n g  t h e  2 p e r i o d i c i t y  
o f  th e  k dependent  e x p o n e n t i a l ,  we o b t a i n  t h e  r e s u l t
™  [- t 1! ? ,  M  ■ (;
[-  ^ p r 1]  V k-">
A r e c u r s i o n  r e l a t i o n  w i t h  r e s p e c t  t o  t h e  in d e x  S. may be  found  by resum - 
ming t h e  d e f i n i t i o n  o f  F^ .  The sum i n  ( A - £ - a )  may be  done in  two s t e p s  
by n o t i n g  t h a t  f o r  any f u n c t i o n  f t ( j l
j?
2 - 1  2 
2  “ ( j )  «
j  = 0 q = 0 p = 0
Using  t h i s  i d e n t i t y ,  t h e  d e f i n i t i o n  o f  F ^ ( k , n )  becom es :
Z - l -1
2 2 a f p  +■ 2q)
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2 1 1-1  1
F ^ a )  = ^
Thus t h e  r e c u r s i o n  f o r m u l a  i a
F£ Ck,n)  = ~  ^ P Jl_1 ( k , n )  + exp j  F^ , . ^ k ^ n  + N / ^ j J j  (A -2 - d )
Nov i t  i s  c l e a r  front t h e  p e r i o d i c i t y  c o n d i t i o n  (A -2 - b )  t h a t  F ^ k . n )  i e
d e t e r m i n e d  f o r  a l l  k  and  n ( e a c h  o f  which h a s  N v a l u e s )  by  2 v a l u e s  o f
Z SL S,k 1 s a y  0 ,  . .  2 -  1 T and H/2 v a l u e s  o f  n ,  s a y  0tl ,  N/2 . T h i s  itiean3
t h a t  o n ly  t h e s e  need  b e  c a l c u l a t e d  e x p l i c i t l y .  However,  i f  t h e  r e c u r s i o n
f o r m u l a  (A -2 - d )  i s  t o  be  u s e d  t o  d e t e r m i n e  F ^ ( k . n )  which h a s  2 i n d e p e n -
£_1
d e n t  k v a l u e s ,  from F^ ^ f k ^ n )  which  has  o n ly  2 such v a l u e s ,  a  v e r s i o n
o f  t h e  r e c u r s i o n  f o r m u l a  w h ich  t a k e s  a d v a n t a g e  o f  t h e  p e r i o d i c i t y  in  k
£-1w i l l  b e  u a ed .  L e t t i n g  k -*■ k +■ 2 i n  (A -2 - d )  y i e l d s  s u c h  a  r e l a t i o n :
F j J k  + = j  < F£_2 ^k + + e x p f i t ]  *
exp
I —1w here  t h e  p e r i o d i c i t y  o f  F^_^ w i t h  r e s p e c t  t o  k in  t h e  i n t e r v a l  2 n a y
I —1be u s e d  t o  w r i t e  t h e  c o m p l e t e  r e c u r s i o n  r e l a t i o n  a s :  f o r  k  = 0 t o  2 u s e
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Jl—1 S.—1f o r  k = 2 t o  £ u se  t h e  above and
F ^ k  + 2 i _ 1 tn )  = | Fe i ( k , n ) -  exp | ^ j  Fw H , n  + ^ 0
£
t o  o b t a i n  va lues  of- F ^ (k ,n )  f o r  2 v a l u e s  o f  k.  The p i c t u r e  l a  comple ted
by n o t i n g  t h a t  F ^ t k . n ) ,  by th e  p e r i o d i c i t y  i n  n ,  has  N/2 in d e p e n d e n t
I
v a l u e s  which muEt be c a l c u l a t e d ;  t h e s e  a r e  n = 0 ,1  N/2 -  1 ( The
a l g o r i t h m  d i s c r e t e  F o u r i e r  t r a n s f o r m  a(n} may nov he assembled .
1 .  l e t  Z = 0 and F ^ ( 0 ,n )  be  a fn )
2.  l e t  I  *- I + 1
o n _-|
3. c a l c u l a t e  F ^ ( k ,n )  on 11/2 v a l u e s  o f  n f o r  k = 0 t o  2 -1 from (A-2-d)
0  1 0
U, c a l c u l a t e  t h e  k = 2 t o  2 -1 v a l u e s  from {A-£-e)
5. i f  £ =* m th e  a n s v e r  i s  a{k) = F ( k ,0 )m
6. i f  i  < mt go t o  2*
The m u l t i p l i c a t i o n s  by 1 / 2  in  each o f  t h e  m s t e p s  s h o u l d  be r e ­
p l a c e d  in  p r a c t i c e  by  one f i n a l  m u l t i p l i c a t i o n  by N- ^ .
The i n v e r s e  a l g o r i t h m  con b e  deduced by I n v e r t i n g  t h e  r e c u r s i o n  
r e l a t i o n .  E q ua t ions  {A-2-d) and (A -2 -e )  a re  s imply  m an ip u la ted  t o  g iv e
F j ^ C k j n )  = F ^ k » n }  + FJJ.{k + 2£'- 1 ,n]
and
pjui(k- n + > ■oxp [- K (lt,n) - Vk *
8*)
In t h i s  tia.se, t h e  a l g o r i t h m  s t a r t s  w i t h  F ( k , 0 )  = a ( k ) ,  A g a i n ,  a t  e ac h
I  £a t e p ,  knowledge o f  F ^ ( k , n )  i s  r e p r e s e n t e d  by 2 v a l u e s  o f  k and N/2
v a l u e s  o f  n ,  In  c o n t r a s t  t o  t h e  f o r w a r d  t r a n s f o r m  c a s e ,  t h e  I n f o r m a t i o n
f o r  f i n d i n g  t h e  c o u r s e  o f  F^ o v e r  k i s  a lw ays  a v a i l a b l e  h e r e ,  b u t  t h e
number o f  n v a l u e s  i n c r e a s e s  from s t e p  t o  s t e p  a s  H d e c r e a s e s  * A ga in ,
how ever ,  t h e  second ( p e r i o d i c )  form o f  t h e  r e c u r s i o n  r e l a t i o n  may be u s e d
t o  f i n d  t h e  v a l u e s  f o r  t h e  e x t r a  n ' s .
The t o t a l  number o f  a l g e b r a i c  o p e r a t i o n s  f o r  e i t h e r  f o r w a rd  o r
i n v e r s e  t r a n s f o r m  can be  e a s i l y  e s t i m a t e d .  In  e a c h  c a s e  t h e  c a l c u l a t i o n
o f  Fjj r e q u i r e s  an a v e r ag e  o f  1 - 1 / 2  e l e m e n t a r y  o p e r a t i o n s  p e r  v a l u e  o f
£
( k , n ) , For a  g iv e n  v a l u e  o f  £ t h e r e  a r e  (2 v a l u e s  o f  k) x [N /^£  v a l u e s  
o f  n] -  M t im e s  t h e  r e c u r s i o n  f o r m u la e  must be  invoked* S i n c e  t h e r e  a r e  
m s t e p s  t o  t h e  p r o c e s s  f o r  one c o m p le te  t r a n s f o r m  o r  I n v e r s e ,  an d  each  
o p e r a t i o n  lb in  g e n e r a l  com plex ,  t h i s  y i e l d s  3Nm = 3N lnN/ln2  o p e r a t i o n s *  
When t h e  f u n c t i o n  a  i s  r e a l  and  a  has  c o n j u g a t e  symmetry t h e  
number o f  d e g r e e s  o f  freedom i s  h a lv e d  so t h a t  t h e  a l g o r i t h m  a c t u a l l y  
used  w i l l  in  g e n e r a l  r e f l e c t  t h i s  symmetry ,  g i v i n g  a  s u b s t a n t i a l  t im e  
s a v i n g s .  The a l g o r i t h m s  u s e d  f o r  r e a l / c o n J u g a t e  symmetr ic  s y s t e m s  how­
ev er  a r e  u s u a l l y  f u r t h e r  r e d u c t i o n s  o f  t h e  above t r e a t m e n t ,  w h ich  has 
been p r e s e n t e d  t o  g i v e  a  c l e a r  p i c t u r e  o f  how t h e  FFT w orks .
The g e n e r a l i s a t i o n  t o  t h e  c a s e  o f  two d i m e n s i o n a l  r e a l  d i s c r e t e  
t r a n s f o r m s  i s  n o t  d i f f i c u l t .  The k s p a c e  has  t h e  s t r u c t u r e  d i s c u s s e d  i n  
S e c t i o n  A - l  and i l l u s t r a t e d  i n  F i g u r e  A - l .  The s t o r a g e  p a t t e r n  u s e d  f o r  
th e  a (k }  must t o  some e x t e n t  r e f l e c t  t h e  m a t h e m a t i c a l  symmetry o f  t h e  k 
3pace  and th e  c o m p u ta t io n a l  p r o c e d u r e . The s t o r a g e  s eq u e n c e  u s e d  w i t h  
t h e  NCAH FFT "FOURS'1 on th e  IBM 370 i s  d e s c r i b e d  h e r e .  T h e re  a r e  N/2 + 1
a s
column" (k  v a l u e s ]  and N ’V ovb" (k v a l u e s )  in  t h e  sp ac e  d e p i c t e d  in
F i g u r e  A - l .  Each e lement  c o r r e s p o n d s  t o  a complex number,  e ac h  o f  which 
i s  s t o r e d  w i th  r e a l  p a r t  f i r s t ,  t h e n  t h e  im ag in e ry  p a r t .  So,  t h e r e  a r e
N(N + 2)  r e a l  numbers need ed  t o  d e s c r i b e  t h e  s t a t e  o f  t h e  k s p ace .  As
d i s c u s s e d  in A - l ,  a l l  modes a r e  no t  i n d e p e n d e n t ,  b u t  a l l  a r e  r e t a i n e d  
f o r  symmetry o f  m a n i p u l a t i o n  by t h e  FFT. In t h e  a r r a y  which d e s c r i b e s  
a ( k )  ( c a y ,  A(K]) ,  t h e  k = 0 modes a r e  s t o r e d  f i r s t ,  i n  o r d e r  o f  i n c r e a s -
y
ing  k ( = 0 , 1 , . . , N / 2 ) ,  t h e n  k = 1 ,  e t c . ,  u n t i l  a f t e r  (N + 2] (N/2 + l ]  x y
l o c a t i o n s  a r e  f i l l e d ,  t h e  f i r s t  q u a d ra n t  has been  e x h a u s t e d .  The nex t
k v a lu e s  s t o r e d  a r e  k = -N /2  + 1 ,  k = 0 , 1 , . . . N / 2 ) ,  t h e n  t h e  k = -N/2 +- 2x
v a l u e s ,  ajiii ao on*
I f  t h e  one indexed  (FORTRAN) a r r a y  A i s  e q u i v a l e n c e d  to  a  two 
indexed  (FORTRAN) a r r a y  B, t h e  a r r a y s  have  t h e  f o l l o w i n g  r e l a t i o n s h i p s  
f o r  ah N g r i d  s i z e .  A i a  d im ens ioned  a t  N(H+2); B i s  d im ens ioned  a t  
(N + 2 ,  N] u s i n g  t h e  IBM 370 FORTRAN r u l e  f o r  i n d i c e s  ( f f i r s t  r u n s  f a 3t -
t h e  i n t e g e r  p a r t ) ,  k = J  -  1 i f  1 < J  < N/2 + 1 ,  and k = J  -  N i f  N/2 +y  y
2 < J  < U.
As s u g g e s t e d  by t h e  s t o r a g e  p a t t e r n  and t h e  d e f i n i t i o n  o f  t h e  
i n v e r s e  t r a n s f o r m ,
e s t ' ] . Then B ( I , J )  c o n t a i n s  k (where t h e  b r a c k e t s  den o te
* y
i t  i e  advan tag eo u s  to  p e r fo rm  t h e  i n v e r s e  t r a n s f o r m  f i r s t .  I t  i s  im­
p o r t a n t  t o  r e a l i s e  t h a t  t h e  r e s u l t  o f  t h e  k i n v e r s e  t r a n s f o r m  does not 
y i e l d  a r e a l  r e s u l t  u n l e s s  s-( k , k ) = a ,  (k  ] a „ ( k  ). 
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However, a f t e r  t h e  p a r t  I s  don e, we have
- I  ' lk”ya ( x )  = 2 ^ e y f ( k  T x) 
k y
from w hich  i t  i s  c l e a r  t h a t  f ( - k  , x )  = f * ( k  , x ) .  Thus  ev en  i f  t h e
y y
a l g o r i t h m  c a l l e d  f o r  r e t e n t i o n  o f  n i l  N complex numbers  r e p r e s e n t i n g  a
f o r  f ix e d  k^  and a l l  k , t h e  t r a n s f o r m  o f  t h i s  " row"  would n o t  be r e a l .
Th is  i s  o b v i o u s  s i n c e  a ( k  , k ) ^ a * ( - k  * k } in  g e n e r a l .  T h u s ,  i t  i sx y x y
w o r th w h i le  t o  t r e a t  t h e  x - d i r e c t i o n  i n v e r s e  t r a n s f o r m s  as  complex ( n o n ­
c o n ju g a t e  s y m m e t r i c ) ,  h u t  d e f i n e d  on N/2  p o i n t s .  I n  t h e  u p p e r  q u a d r a n t
t h e s e  p o i n t s  may be t a k e n  a s  k^ = 1*2 . .  M/2; in  t h e  l o v e r  q u a d r a n t ,
k^ = 0 ,1  . , N/2 -  1 .  The r e s u l t  f o r  t h e  upper  q u a d r a n t  i s
N/2
V '  - i k  x
V+|ky|,  ^ = Zj Ve x
k =1 x
The low er  q u a d r a n t  i n v e r s e  t r a n s f o r m  y i e l d s
M/2-1
S - i k  xa ( k , - | k | ) e
"  '  V 10 y
Now c o n j u g a t e  symmetry i n  t h e  e n t i r e  k p l a n e  r e q u i r e s  t h a t  a ( k  , k ) —x y
a # ( - k  , - k  ) ,  so t h a t  r e i n d e x i n c  f_ by l e t t i n g  k -+ - k  y i e l d s  x y  °  L  ^ x x ^
-N/2+1
r L^ l ky l ’ X) = O ®
+ ik  x
X
k =o * yX
B?
s o  t h a t  t h e  N p o i n t  t r a n s f o r m  in  k^ f o r  f i x e d  k^ > 0 i s
U/2
V 1 - i k  x
f ( k  . x )  = 2 .^  » k ]e  x
J k -  -N/2+1 yx
= f u M Ry  I * x > + f * ^ ky  I * x}
S i m i l a r l y  I t  f o l l o w s  t h a t
r f - J k y | t x )  = rj{  + | k y | ,  x)  + r L( - | k y | t x)
T h u s ,  once t h e  N/2 p o i n t  x - d i r e c t i o n  complex t r a n s f o r m s  a r e  d o n e ,  t h e
r e s u l t s  f o r  t h e  N p o i n t  t r a n s f o r m s  may he  fo u n d  by  a d d i n g  t o  each  m ode1 s
v a l u e ,  t h e  complex c o n j u g a t e  o f  i t s  image mode o b t a i n e d  by r e f l e c t i o n
t h r o u g h  t h e  k = 0  a x l e .  The r e s u l t  i s  c o n j u g a t e  sym m etr ic  abou t  t h e
k a x i s ,  as r e q u i r e d .  N/2 + 1 i n d e p e n d e n t  c o n j u g a t e  sym m etr ic  k t r a n s -  X j
fo rm s  may th e n  be  done on t h e  " co lu m n s" ,  a f t e r  a p p r o p r i a t e  t r a n s p o s i n g  
o f  t h e  a r r a y ,  t o  r e n d e r  t h e  N complex numbers  needed  f o r  e a c h  k d i r e c -
J
t i o n  t r a n s f o r m  c o n t ig u o u s  in  memory.
2
The r e s u l t i n g  a r r a y  c o n t a i n s  a ( x , y )  i n  i t s  f i r s t  N l o c a t i o n s ,  
w i t h  t h e  x d i r e c t i o n  index  r u n n in g  f a s t e s t . C a l l i n g  t h e  f o r w a r d  t r a n s ­
form r e t u r n s  t h e  o r i g i n a l  a (k}  e x c e p t  f o r  a n  o v e r a l l  m u l t i p l i c a t i v e  f a c t o r ,  
w h ich  v a r i e E  f o r  d i f f e r e n t  FFT c o d e s ,
APPENDIX B
TEST OF THE MHD BACK TRANSFER HYPOTHESES
As d i s c u s s e d  i n  C h a p t e r  I I I *  two d i m e n s i o n a l  N a v i e r - S t o k e s  f lo w  
and two d i m e n s i o n a l  m agnetohydrodynam ic  f l o w  B o th  p o s s e s s  flr u g g e d +t q u a d r a ­
t i c  i n v a r i a n t s  w i t h  d i f f e r i n g  i n t r i n s i c  wavenumber d e p e n d e n c e s ,  when e x ­
p r e s s e d  in  t e r m s  o f  F o u r i e r  a m p l i t u d e s .  The n o n l i n e a r  t r a n s f e r  f u n c t i o n s  
f o r  e a c h  type  o f  f low  p r e s e r v e  t h e i r  m u l t i p l e  i n v a r i a n t s  w h i l e  s h u f f l i n g  
e x c i t a t i o n  from one l e n g t h  s c a l e  t o  a n o t h e r *  and d i s s i p a t i o n  o n l y  i n d u c e s  
s e l f  decay  in  e a c h  F o u r i e r  mode* Such c o n s i d e r a t i o n s  ( s e e  C h a p t e r  I I I  
and r e f e r e n c e s  1+1+, 1+5, 1+6, 1+7, 1+8, 1+9) y i e l d  a t  l e a s t  t h r e e  ty p e 3  o f  
t h e o r e t i c a l  p r e d i c t i o n s :  ( i )  h a c k  t r a n s f e r  h y p o t h e s e s ,  ( i i )  s e l e c t i v e
d e ca y  h y p o t h e s e s  a n d  ( H i )  n o n l i n e a r  s t a b i l i t y  a r g u m e n t s .  B e f o r e  d i s c u s ­
s i n g  n u m e r ic a l  t e s t s  w h ich  have  been  p e r f o r m e d  t o  t e s t  t h e s e ,  t h e  t y p e s  
o f  t e s t s  i n d i c a t e d  w i l l  be  m e n t i o n e d .  The n o t a t i o n  o f  C h a p t e r  I I I  i s  u s e d .
1,  Back T r a n s f e r
F o r  a  wide  r a n g e  o f  i n i t i a l  c o n d i t i o n s ,  i . e . ,  t h o s e  n o t  peak ed  t o o
s t r o n g l y  n e a r  k , o r  k  , i t  s h o u l d  be p o s s i b l e  t o  s e e  enhancem en t  o f  m in  max
l a r g e  s c a l e  e x c i t a t i o n  o v e r  t i m e .  For MHD i n i t i a l  c o n d i t i o n s  w i t h  smooth 
s p e c t r a  and t b f A n o t  t o o  l a r g e ,  t h e  s q u a r e  v e c t o r  p o t e n t i a l  I n  t h e  l o w e s tD
k ’ s ,  say  l a ^ m^n ^l s h o u l d  i n c r e a s e ,  i f  n and  v a r e  n o t  t o o  l a r g e ,  N a v i e r -  
S t o k e s  i n i t i a l  c o n d i t i o n s  w i t h  m o d e r a t e  i n i t i a l  ^  s h o u l d  y i e l d  i n c r e a s e d  
The b a c k  t r a n s f e r  o f  mean s q u a r e  v e c t o r  p o t e n t i a l ,  n e c e s s a r y
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I f  t h e  n o n l i n e a r  i n t e r a c t i o n  attanptE t o  I n c r e a s e  t h e  mean s q u a r e  c u r r e n t , 
i s  r e s p o n s i b l e  f o r  t h i s  p r o p o s e d  e f f e c t  ( I n  MHD).
£, S e l e c t i v e  Decays
As t h e  n o n l i n e a r  t e r m s  a t t e m p t  t o  s p r e a d  e x c i t a t i o n  i n  it s p a c e ,  t h e  
n o n d i s s I p a t i v e  i n v a r i a n t  p e a k e d  a t  h i g h e r k  1 s must u p - t r a n 3 f e r  t o  l a r g e r  k,  
i f  b a ck  t r a n s f e r  o c c u r s .  I n  f a c t ,  t r a n s f e r  in  both directions i n  k sp ace  
o u s t  o c c u r  i f  any t r a n s f e r  a t  a l l  i s  t o  o c c u r .  Thus  modal m a g n e t i c  energy  
sh o u ld  b e  s e l e c t i v e l y  d e c a y e d ,  s i n c e  it  i s  n a t u r a l l y  more e x p o se d  t o  f a s t e r  
d i s s i p a t i o n ,  b e i n g  a lw ays  peak ed  a t  h i g h e r  k v a l u e s .  A l s o ,  two i n v a r i a n t  
p r e s e r v i n g  t r a n s f e r s  w i l l  In  g e n e r a l  p ro d u c e  l a r g e r  mean s q u a r e  c u r r e n t *
P
Then, s i n c e  e^ ~ - 2 n J ,  s e l e c t i v e  d e c a y  o f  m a g n e t ic  e n e rg y  i s  e n h a n c e d .  The 
-2r a t i o  o f  = s h o u l d  d e c r e a s e  T a s t e r  t h a n  t h e  l i n e a r  d e c a y  r e s u l t ,  in
which e a c h  mode decaye  a s  e x p [ - p k  t ] .  Even i f  t h e  b a ck  t r a n s f e r r e d  q u a n ­
t i t y  A ( £  i n  H a v ie r - B to k e a  f lo w )  does  n o t  i n c r e a s e  i t s  low k  modal c o n t r i ­
b u t i o n s ,  t h e  b u l k  q u a n t i t y  s h o u ld  decay  s lo w er  t h a n  t h e  l i n e a r  d e c a y  r e ­
s u l t ,  c a l c u l a t e d  from t h e  i n i t i a l  d a t a .  S in c e  t h e  n + 0 l i m i t  may a l l o w  
l a r g e  p r o d u c t i o n  o f  J  ( p r o d u c t i o n  o f  " p a l i n s t r o p h y 11 f o r  U . S . )  o v e r  t i m e  
f o r  t h e  u n t r u n c a t e d  s y s t e m ,  t h e  s c a l i n g  o f  t h e  p r o d u c t i o n  o f  J  m ig h t  he 
n u m e r i c a l l y  i n v e s t i g a t e d .
3. N o n l i n e a r  S t a b i l i t y  Arguments
W hi le  t h e r e  a r e  many s t a t i o n a r y  c o n f i g u r a t i o n s  p o s s i b l e  f o r  t w o -  
d i m e n s i o n a l  MUD and N a v i e r - S t o k e s  f l o w s ,  one  c l a s s  o f  s t a t i o n a r y  s t a t e s  
have s t a b i l i t y  p r o p e r t i e s  which  a r e  d e d u c l b l e  from t h e  b a c k  t r a n s f e r  
h y p o t h e s e s *  T hese  a r e  t h o s e  i n i t i a l  c o n d i t i o n s  w i t h  o n ly  m a g n e t i c  e x -  
c i t a t i o n ,  a ( k j ,  p r e s e n t  i n  modes w i t h  a g i v e n  | k |  = kg* The a n a l o g o u s
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N a v ie r - S to k e s  s t a t e s  have to(k} f  0 o n l y  f o r  | k |  = k ^ .  These  s t a t e s  have  
i d e n t i c a l l y  ae ro  k i n e t i c  a n d  m a g n e t i c  n o n l i n e a r  i n t e r a c t i o n s ,  s o  no ex­
c i t a t i o n  m i g r a t e s  i n  k s p a c e  i f  a l l  modeB w i t h  | k |  /  kQ a r e  e x a c t l y  a e r o  
a t  t  = 0* However, such s t a t i o n a r y  s t a t e s  h a v e  d e f i n i t e  G ibbs  ensem ble  
p r e d i c t i o n s .  I f  k_ 4 k , , t h e s e  p r e d i c t i o n s  c a l l  f o r  f i n i t e  e x c i t a t i o nU tald
i n  a l l  modes.  I f  k_ = k . .  t h e  ( n i n g u l a r )  G ibbs  d i s t r i b u t i o n  p r e d i c t s0 min
a l l  th e  e x c i t a t i o n  t o  r e m a in  t h e r e .  Thus,  i f  a  s m a l l  amount o f  e n e rg y  i s  
p u t  in  o t h e r  ( | k |  f- K^} modes a s  p e r t u r h a t i v e  n o i s e ,  t h e r e  i a  a  c l e a r  p r e ­
d i c t i o n ;  a i n g l e ^ w a v e n u m b e r - p l u s - n o i s e  ( ’' n e a r  s t a t i o n a r y M} i n i t i a l  c o n f i g ­
u r a t i o n s ,  a r e  n o n l i n e a r l y  u n s t a b l e  i f  k^ f  and n o n l i n e a r l y  s t a b l e  i f
k_ = k , .0 min
The n u m e r ic a l  r e s u l t s  o f  some o f  t h e s e  t e s t s  w i l l  now be  d e s c r i b e d ,
k.  T e s t s  o f  back T r a n s f e r  and S e l e c t i v e  Decay
Smooth i n i t i a l  s p e c t r a  were  choEen f o r  v o r t i c i t y  in  NS c a s e  and
v e c t o r  p o t e n t i a l  in  t h e  MHD c a s e .  The v a r i o u s  r u n s  were  p e r f o r m e d  on a  
232 g r i d  u s i n g  t h e  same n u m e r i c a l  p r o c e d u r e  a s  f o r  t h e  s h e e t  p i n c h  ru n e
and w i th  w and r| = 0.  , . 0 0 1 ,  . 0 1 ,  , 0 5 ,  .1 an d  . 2 5 .
The r e s u l t s  a r e  a s  f o l l o w s :  k^ d e c r e a s e d  m o n o t o n i c a l l y  in  t i m e  w h i l e
2
t y p i c a l l y  t h e  k = 1 v e c t o r  p o t e n t i a l  i n c r e a s e d  somewhat f o r  t h e  s m a l l e r
2
d i s s i p a t i o n  r u n s .  For ex am p le ,  k = 1  s q u a r e d  v e c t o r  p o t e n t i a l  i n c r e a s e d  
36S? over  i t s  i n i t i a l  v a lu e  when v = n = .01 and  13% o v e r  i t s  i n i t i a l  v a l u e  
f o r  U = n = -0 5 > In  b o th  c a s e s  t h e  r u n s  were  1000 t i m e s t e p s  {each  512
and t h e  i n i t i a l  d a t a  was f p ( k ) |  - k” ^ ,  Vk. In  t h e  above m e n t io n e d  r u n s ,
t h e  k = 1 magnet ic  energy  i n i t i a l l y  r e p r e s e n t e d  20% o f  t h e  t o t a l  e n e r g y ,  
b u t  r o s e  t o  about 55% o f  t h e  t o t a l  e n e rg y  by t  -  1000 t i m e s t e p s . Fo r
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v = .05 N a v ie r -S to k e s  r u n s  w i th  I n i t i a l  c o n d i t i o n s  | v(k)  | -  (b + k ^ ) - i ,
-j- 2
Vkt h a c o n s t a n t *  e n e r g y  In  k = I ,  was ab o u t  31ft h i g h e r  a f t e r  200 t i m e -  
a t e p s  v i t h  b = 1 ,  and h a d  r i s e n  from i n i t i a l l y  c o n t a i n i n g  12ft o f  t h e  
t o t a l  energy  to  6 7 ft o f  t h e  t o t a l  energy  b e f o r e  i t  began  d e c r e a s i n g .  In 
a d d i t i o n  th e  modal e n e rg y  s p e c t r a  ( i n  |B ( k ) |  f o r  MHD, i n | v ( k ) J ? f o r  N , S . ,  
each v e . i n  k) s t e e p e n e d  a t  h ig h  k v a l u e s ,  w h i le  t h e  low k e n e r g i e s  were 
m a in ta in e d  o r  i n c r e a s e d  f o r  s u b s t a n t i a l  p e r i o d s  o f  t ime* The enhancement 
o f  l a r g o  s c a l e  e x c i t a t i o n  and d e c r e a s e  o f  mean wavenumber shows back  
t r a n s f e r ,  and I s  c o n s i s t e n t  w i th  t h e  Email d i s s i p a t i o n  c o n j e c t u r e s  on 
s teady  s t a t e s  ( "B rea th e  r t o n - H a i d v o g e l  con j e c t u r e 1'* s e e  Chap te r  I I I ) .
However* c o m p u ta t i o n a l  l i m i t a t i o n s  p r e v e n t e d  i n v e s t i g a t i n g  hav w e l l  t h e  
s c a l i n g  (w i th  r e s p e c t  t o  u and n)  c o n j e c t u r e s  a r e  f u l f i l l e d .
5* N o n l in e a r  S t a b i l i t y  TeBts
B a s i c a l l y  e i g h t  t e s t s  were done; f o u r  were  N a v i e r - S t o k e s  runs  w i th
2 2v -  0 ,0  and .05 and  o n ly  k = 16  o r  k = 1  e x c i t e d  ( p l u s  " n o i s e " ) .  Fo r  
a l l  f o u r  n o n d i s s i p a t i v e  r u n s  t h e  Dibbs s p e c t r a  were q u i t e  w e l l  a p p r o x i ­
mated by t h e  dynamical  s t a t e  a f t e r  s e v e r a l  th o u san d  t i m e s t e p s .  Fo r  t h e  
2
k = 16  r u n s ,  b o th  MHD and N av ie r -S tokes*  t h i s  meant t h e  n o i a e  modes w i th  
2
k < 1 6  had g a in e d  more th a n  an o r d e r  o f  magni tude  in  e n e r g y ,  and e n e rg y  
had been  u p - t r a n s f e r r e d  t o  a l l  h ig h  k modes.  T h i s  shows t h e  v a l i d i t y  o f  
th e  p r e d i c t i o n  t h a t  t h e s e  s t a t e s  a r e  n o n l i n e a r l y  u n s t a b l e .  The a p p ea ra n ce  
o f  t h e  s t a t e s  a l s o  r a d i c a l l y  changed in t h e s e  r u n s .  The i n i t i a l  c o n d i t i o n s  
e x h i b i t e d  many v o r t i c e s  o r  m agnet ic  i s l a n d s ,  and t h e  f i n a l  s t a t e s  e x h i b i t e d  
only  two such s t r u c t u r e s  i n  each  c a s e .  The a d d i t i o n  o f  d i s s i p a t i o n  d i d  not 
change t h e  q u a l i t a t i v e  r e s u l t s ,  though t h e  d i s s i p a t i v e  MHD b r e a k - u p  o c cu r red
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v e r y  s l o w l y t end p e r h a p s  i n c o m p l e t e l y . I t  i s  b e l i e v e d  t h a t  s m a l l e r  v
£
and n would  a l l o w  f o r  more r a p i d  b r e a k u p  * The i n s t a b i l i t y  o f  t h e  k = 16 
MHD i n i t i a l  c o n d i t i o n s  i s  o b v i o u s l y  d i r e c t l y  r e l a t e d  t o  t h e  t o p i c  o r  mag- 
n e t i o  i s l a n d  c o a l e s c e n c e  t r e a t e d  in  C h a p t e r  VI,
APPENDIX C
COMPARISON WITH THE LINEAR PROBLEM
The MEtD e q u a t io n s  i n  t h e  d im e n s io n le s o  u n i t s  i n t r o d u c e d  in t h e  
main t e x t  a re
| f  .  V * ( U )  + T , ^
I t- +- t v ?  = (Vj5)kB -  c 2Vp + vV vd t  S
V*v -  V*R -  0 (0 -1 )
These e q u a t io n s  may be l i n e a r i s e d  by assuming t h a t  a dominant  magnet ic  
c o n f i g u r a t i o n  i s  p e r t u r b e d  by f i r s t  o r d e r  ( i n  some smal l  p a r a m e te r )  mag­
n e t i c  and v e l o c i t y  f i e l d s *  That i s ,  B = + B1 + fi2 + . . .  and
-+ -+1 +2
v = v + v + . . .  I f  t h e s e  e x p r e s s io n s  a r e  s u b s t i t u t e d  i n t o  e q u a t io n s  
C - l , and i t  i s  asBurned t h a t  ( i )  t h e  r e s u l t i n g  dynamic e q u a t i o n s  a r e  
s a t i s f i e d  o rd e r  by o r d e r ,  [ i i )  t h e  d iv e rg e n ce  c o n d i t i o n s  a r e  s a t i s f i e d  
In  each o r d e r  and ( i i i )  R1^ i s  t i m e  independen t  For q = 0, t h e  r e s u l t i n g  
f i r s t  o rd e r  e q u a t io n s  a r e ;
9h
E l e m e n ta r y  v e c t o r  I d e n t i t i e s  a l l o w  t h e s e  t o  b e  w r i t t e n  as :
and
a s  -+ o  -*-i + 1  -+ o  s - t i~  = B -Tv -  v  *TB + f ]V ^
a ^ lJV
5t = VB1 + ^ - V B 0 - V(C2pL -i- B 0 *^1 } + vV^v1 (G—3 )
■+2 ■+j_where t h e  f a c t  t h a t  B and v a r e  s o l e n o i d a l  h a s  b e e n  u s e d ,  How t h e  
sys tem  w i l l  "be t a k e n  t o  be  in  t h e  u s u a l  two d i m e n s i o n a l  p e r i o d i c  c o n f i g ­
u r a t i o n  and B^ a  s t a n d a r d  p e r i o d i c  s h e e t  p i n c h  so t h a t  B° = x B ^ ( y ) ,  
E q u a t io n s  {C-3)  a r e  e q u i v a l e n t  t o  t h e  l i n e a r i z e d  e q u a t i o n s  f o r  a ^ ( x , t )  
and w ^ f x . t ) ,  which a r e
3a"*" _ n i +l  Oi , l  = -V • ( v a  ) + nv a
VJ1 + S1 ^ 0 + nV2^1 [C-k)
Here ,  a  m and J h ave  b e e n  l i n e a r i z e d  i n  t h e  s t a n d a r d  f a s h i o n .  Tt l a  
o b v io u a  t h a t  t h e s e  e q u a t i o n s  may be  f u r t h e r  r e d u c e d  by u s i n g  t h e  p r o p e r ­
t i e s  o f  t h e  c h o se n  2 e r o t h  o r d e r  f i e l d  and t h e  d i v e r g e n c e  c o n d i t i o n s .  I f  
a l l  p e r t u r b e d  f i e l d s  a r e  t a k e n  t o  v a r y  a s  c x p [ i k ^ x  +■ p t 1 and v  t a k e n  a s
a e r o ,  t h e  " s t a n d a r d fl t e a r i n g  mode e q u a t i o n s  o f  P u r t h ,  K i l l e e n  and  P o s e n -  
13b l u t h  f o r  t h i s  g e o m e t r y  may be e x t r a c t e d .  I n t e r e s t i n g  m a t h e m a t i c a l  
p r o p e r t i e s  o f  t h e s e  e q u a t i o n s  have  been  d e r i v e d  by B a r s t o n , " ^  A l o t  o f  
r e s e a r c h  h a s  been  d one  u s i n g  t h e s e  e q u a t i o n s  ( s e e  C h a p t e r  I )  and  a  good 
i n t r o d u c t o r y  t r e a t m e n t  o f  t h i s  l i n e a r  sy s tem  h a s  been  w r i t t e n  by fia tya
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57and Schmid t .  The u s u a l  p ro c e d u re  in  " t e a r i n g  mode1' r e s e a r c h  i n  t h e  MHD 
a p prox im a t ion  i s  t o  u s e  t h e  r e s i s t i v e  l i n e a r i s e d  e q u a t i o n s  in  a '"boundary 
l a y e r ' 1 c e n t e r e d  about t h e  c u r r e n t  s h e e t s .  These s o l u t i o n s  a r e  matched t o  
n o n - d i s s i p a t i v e  e x t e r i o r  s o l u t i o n s  which s a t i s f y  s p e c i f i e d  boundary con­
d i t i o n s .  Growth r a t e s  a r e  then o b t a i n e d , as a re  n u m e r i c a l l y  de te rm ined  
e i g e n f u n c t i o n s .  Often  p e r t u r b a t i v e  n o n l i n e a r  c o r r e c t i o n s  a r e  in t ro d u ce d  
t o  f i n d  s a t u r a t i o n  l e v e l s .  The l i t e r a t u r e  in t h i s  v e i n  i s  voluminous and 
no a t t e m p t  i s  made h e r e  t o  c a t a l o g u e  i t .  I t  i s  worth n o t i n g  t h a t  t e a r i n g  
mode l i t e r a t u r e  i s  n o t o r i o u s l y  d i f f i c u l t  to  read and i e  r e p l e t e  with  eo n -
-fc r e □
t r a d i e t i o n s  and c o r r e c t i o n s  ( s e e  R a r a to n  and hnteman ) .  I t  i s  e x t re m e ly  
d i f f i c u l t  t o  draw c o n c l u s i o n s  c o n c e r n i n g  th e  range o f  v a l i d i t y  o f  t h e  l i n e a r  
problem* i f  one uses  o n l y  t h e  e x i s t i n g  l i t e r a t u r e .  P resumably  f o r  s u f f i ­
c i e n t l y  sm a l l  va lues  o f  t h e  f i r s t  o r d e r  q u a n t i t i e s ,  t h e  l i n e a r  e q u a t io n s  
y i e l d  an a c c u r a t e  r e s u l t  f o r  s h o r t  t i m e ,  however, i n  a  s c e n a r i o  in which 
some sm a l l  l e v e l  o f  random n o i s e  i s  in t r o d u c e d  to  t h e  s e r o t h  o r d e r  c o n f i g ­
u r a t i o n ,  i t  i s  not o b v io u s  t h a t  t h e  l i n e a r  s o l u t i o n s  w i l l  remain  v a l id  
long enough f o r  o b s e r v a b l e  ( l a r g e )  changes  in  t h e  s h e e t  p in c h  system t o  be 
a t t r i b u t a b l e  t o  l i n e a r  p r o c e s s e s .  No a t te m p t  ia  made h e r e  t o  rev iew or  
d ev e lo p  t h e  l i n e a r  t h e o r y  t o  any e x t e n t .  I n s t e a d ,  a  n u m e r i c a l  compar ison  
o f  l i n e a r  and n o n l i n e a r  s h e e t  p in c h  e v o l u t i o n  has been p e r fo rm ed .  Three  
s e t s  o f  i n i t i a l  c o n d i t i o n s  wetc u s e d  f o r  t h e  comparison. Each haE the  
s t a n d a r d  l 6 - t e r m  s h e e t  p i n c h ,  bu t  w i t h  t h e  no ise  modes e x c i t e d  a t  d i f f e r e n t  
a m p l i t u d e s .  S ta n d a rd  i n i t i a l  c o n d i t i o n s  a s  used in  t h e  s i m u l a t i o n s  o f  
C hap te rs  IV and V a r e  c a l l e d  "S" .  The s t a n d a r d  n o i s e  modes ( i n  "S") a r e  
s c a le d  by 1 /1 0  t o  p ro d u ce  c o n d i t i o n s  "T" and by 1 /100  t o  p roduce  c o n d i t i o n s  
"H11. A summary o f  t h e  p e r t u r b e d  q u a n t i t i e s  fo r  t h e s e  s e t s  o f  i n i t i a l
c o n d i t i o n s  I s  t a b u l a t e d  i n  T a b le  C - l .  R e f e r r i n g  t o  t h i s  t a b l e  shows t h a t  
S has s m a l l  enough e n e r g y  t o  o r d i n a r i l y  be  c o n s i d e r e d  a  p e r t u r b a t i o n ,  so 
H and T a r e  e x t r e m e l y  s m a l l .
The l i n e a r  code d e v e l o p e d  f o r  t h i s  t e s t  u se s  t h e  same s p e c t r a l  
r e p r e s e n t a t i o n  be t h e  n o n l i n e a r  c o d e  d e s c r i b e d  i n  C h ap te r  I I  and Appendix  
A, The F o u r i e r  t r a n s f o r m  o f  e q u a t i o n s  C-k y i e l d s
3 a 1 (k) + A  0 , - ^  , 2  1,-+S “ i k 1 v x ( p ) a u( r )  -  n k ^ e / f k )  (C-51
3 t  p+?=k
" - i k *  ( B ° ( p ) j 1 ( r )  + ^ { p j j ^ r } ]  -vk^w1 ( k ) (C-6)
p + r - k  ^ '
The v e l o c i t y  f i e l d  in  a l l  p e r t u r b a t i v c ,  so no s p e c i a l  s o r t i n g  need  be 
done on i t .  However t h e  s h e e t  p i n c h  modes c o r r e s p o n d  t o  an  a ^ ,  B° and 
which e v o lv e  in  t i m e  a c c o r d i n g  t o
aa°{ £ )  .. . , 2  0 , +  ,  -  -nk  & L k )
where t h e  k v a lu e s  Tor t h e  s h e e t  modes have  k = 0  and k = ( + 1 ,  + 3 tx y
. . .  +15).  Thus i t  c an  be s ee n  t h a t  e q u a t i o n  (C -6 )  c o u p le s  f i r s t  o r d e r  
m agne t ic  q u a n t i t i e s  o f  a  g iv e n  k t o  o n ly  v e l o c i t y  f i e l d  modes w i t h  t h ex
came k^.  L ikew ise  in  {C-5) t h e  c o n t r i b u t i o n s  t o  3 a ( k } / 9 t  a r e  o n l y  from 
v1 (p) modes w i th  p = k . A lso  s i n c e  t h e  s h e e t  p i n c h  modes h ave  o n ly  odd 
k v a l u e s ,  ui(k) w i t h  odd k c o u p l e s  o n ly  t o  a  (p) w i t h  even  p ; u ( k )  w i t h
y  y  y
even k c o u p l e s  o n l y  t o  a  (p )  w i t h  odd p . I n s p e c t i o n  o f  t h e  v e r s i o n  o f
J Jf
t h e  MHD e q u a t i o n s  c o n t a i n i n g  t h e  c o u p l i n g  f u n c t i o n s  and  ( s e e  C h a p t e r
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I I )  shove t h a t  t h e  s h e e t  modes do h o t  i n t e r a c t  w i th  each  o t h e r  and t h a t  
t h e  l i n e a r  e q u a t i o n s  do no t  coup le  t h e  n o n - s h e e t  k^ -  0 v e c t o r  p o t e n t i a l  
t o  any o t h e r  modes.  The l i n e a r  code v o rd s  by s e p a r a t i n g  {a(5}} i n t o  i t s  
a e r o t h  and  f i r s t  o r d e r  p a r t s  and t h e n  e v a l u a t i n g  (C-5)  and (C - 6 ) .  The 
s e r o t h  o r d e r  t im e  advancement may be  a l low ed  t o  o c c u r  o r  i t  may be  a r t i -  
f i c a l l y  t u r n e d  o f f .  The code  was t e s t e d  by c h e c k in g  f o r  t h e  p r o p e r t i e s  
d i s c u s s e d  above ,  i n  p a r t i c u l a r  t h e  r e q u i r e m e n t  t h a t  energy  i s  n o t  t r a n s ­
f e r r e d  between modes w i th  d i f f e r e n t  v a lu e s  o f  k^ .  A d d i t i o n a l l y ,  t h e  
l i n e a r  code was ru n  w i th  t h e  i n i t i a l  c o n d i t i o n s  S ,  it and T t o  check f o r  
l i n e a r i t y  o f  t h e  r e s u l t ,  which was e s t a b l i s h e d .
The compar ison  o f  l i n e a r  and n o n l i n e a r  r e s u l t s  c o n s i s t s  o f  a 
l i n e a r  run  w i th  i n i t i a l  d a t a  £ and n o n l i n e a r  runs  w i th  3 ,  T and H as  i n i ­
t i a l  c o n d i t i o n s .  The r e s u l t s  p r e s e n t e d  h e r e  a r e  o f  t h r e e  t y p e s  which w i l l  
be s e p a r a t e l y  d i s c u s s e d !  ( i )  com par ison  o f  t h e  t im e  e v o l u t i o n  o f  i n d i v i ­
d u a l  modes,  ( i l )  com par ison  o f  t h e  t i m e  h i s t o r y  o f  q u a d r a t i c  q u a n t i t i e s
summed o v e r  t h e  v a l u e s  o f  k f o r  a  p a r t i c u l a r  v a lu e  o f  k and ( i i i )  t im ey x
dependence  o f  g l o b a l  q u a d r a t i c  q u a n t i t i e s  such  se E ^ (n sp ) .  In  each  c a s e  
t h e  r e s u l t s  o f  t h e  n o n l i n e a r  run S and l i n e a r  ru n  S s h o u ld  a g r e e  e x a c t l y  
i f  t h e  dynamice a r e  l i n e a r .  Mode a m p l i t u d e s  from n o n l i n e a r  runs  T and M 
a r e  p r e s e n t e d  a f t e r  m u l t i p l i c a t i o n  by 10 and 100 ,  r e s p e c t i v e l y . Q u ad ra t ic  
q u a n t i t i e s  from r u n s  T and it a r e  g rap h ed  a f t e r  m u l t i p l i c a t i o n  by 100 and 
10 ,0 0 0 ,  r e s p e c t i v e l y .  A l l  runs  were  f o r  500 t i m e s t e p s ,  each  {2 5 6 ) 1 and
v = n = -0 0 2 5 ,
1. I n d i v i d u a l  Modes
The dominan t  non s h e e t  p i n c h  m ag n e t ic  mode in  t h e  s i m u l a t i o n s  o f  
C hap te r  IV and V, a f t e r  s e v e r a l  th o u s a n d  t l m e s t e p s ,  was a ( l , 0 ) .  Thus i t
9a
i s  o f  i n t e r e s t  t o  s e e  how w e l l  t h e  l i n e a r  e q u a t i o n s  p r e d i c t  i t s  e v o lu t io n *  
F igu re  C - l  shows t h e  t im e  e v o l u t i o n  o f  I m ( a { l t O)) f o r  t h e  l i n e a r  r u n  L
and t h e  n o n l i n e a r  r u n  S. N o n l in e a r  runs  T and H a r e  so c l o s e  t o  t h e  l i n e a r
s o l u t i o n  f o r  most o f  t h e  run  a s  t o  p r e c l u d e  s e p a r a t e l y  p l o t t i n g  t h e i r  r e ­
s u l t s ,  e x c e p t  fo r  a  few p o i n t s  l a t e  in  th e  runs* I t  can be oeen t h a t  t h e
n o n l i n e a r  S run has  a ( l , 0 )  c l o s e l y  f o l l o w i n g  t h e  l i n e a r  s o l u t i o n  f o r  abou t
200 t i m e s t e p s  (abou t  one  A lfven  t r a n s i t  t im e  o f  u n i t  l e n g t h ) .  The n o n -  
l i n e a r  r e s u l t  t h e n  s y s t e m a t i c a l l y  d e p a r t s  from th e  l i n e a r  r e s u l t *  At 
t  = 500 t h e  n o n l i n e a r  a ( l , 0 )  I s  1^% l e s s  t h a n  th e  l i n e a r  a ( l * 0 ) .  Thus i t  
c o n t a i n s  75% o f  t h e  s q u a r e d  v e c t o r  p o t e n t i a l  in  t h e  l i n e a r  c a s e .  I t  can 
a l s o  be  seen  t h a t  t h e  H and T n o n l i n e a r  r e s u l t s  a r e  s t i l l  w e l l  app rox im a ted  
by t h e  l i n e a r  r e s u l t  a t  t  = 5 0 0 , though  th e y  have begun t o  move away a 
b i t .  F i g u r e  C-2 shows t h e  c o m p a r a t i v e  t im e  e v o l u t i o n  o f  H e [ a [ 3 ,0 } )  f o r  
th e  l i n e a r  run ,  and n o n l i n e a r  runs  S and H. Here t h e  d e p a r t u r e  from t h e  
l i n e a r  r e s u l t  o c c u r s  e a r l i e r  and t o  a  g r e a t e r  ex ten t*  By t  = 500 t h e  5 
n o n l i n e a r  run has a  v a l u e  o f  He a ( 3 , 0 )  on ly  1 /3  as l a r g e  a s  t h e  l i n e a r  c a s e .  
N o n l in e a r  run H has  a 15S d i s p a r i t y  from t h e  l i n e a r  r e s u l t  a t  t  -  500* In  
each c a s e  f o r  t  < 100 t h e  l i n e a r  s o l u t i o n  i s  an e x c e l l e n t  a p p r o x im a t io n .  
F i n a l l y ,  F ig u re  C-3 shows p l o t s  o f  He m{l,T) V3. t im e  f o r  t h e  l i n e a r  run  
and n o n l i n e a r  runs  S and T. The d e p a r t u r e  from th e  l i n e a r  r e s u l t  i s  y e t  
more d r a m a t ic  in t h i s  e a s e .  N o n l in e a r  E g i v e s  Y'i% o f  t h e  l i n e a r  r e s u l t  
a t  t  = 600 and th e  c u r v e s  a r e  d i v e r g i n g  r a t h e r  r a p i d l y .  Again t h e  s m a l l e r  
am p l i tu d e  run T rem a ins  " l i n e a r "  l o n g e r ,  b u t  i t ,  t o o ,  seems to  be moving 
away front t h e  l i n e a r  r e s u l t ,  and a p p ea r s  t o  be headed to w ard s  I n c r e a s i n g  
i t s  3% d i s c r e p a n c y  a t  t  = 500.
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I n s p e c t i o n  o f  many o t h e r  modes f o r  t h e s e  r u n s  y i e l d s  a  t e n t a t i v e
c o n c l u s i o n :  H ighe r  k  modes d i v e r g e  from t h e  l i n e a r  r e s u l t  more r a p i d l y ,
2Many modes w i t h  k -  150  a r e  o s c i l l a t i n g  r a p i d l y  enough t h a t  t h e r e  aeenta 
t o  be l i t t l e  p h ase  c o r r e l a t i o n  be tw een  t h e  d i f f e r e n t  runs a t  a  g i v e n  
t im e .  Lower k f e n e r g y  b e a r i n g  modes,  a s  Been i n  t h e  f i g u r e s  a l s o  have  
s u b s t a n t i a l  d e p a r t u r e s  from th e  l i n e a r  r e s u l t ,  in t h e  S run*  in w hich  
th e  t o t a l  e n e r g y  p e r t u r b a t i o n  i s  o n l y  a b o u t  1 /2 0 % o f  t h e  s h e e t  pinch  
e n e r g y „
2. Q u a n t i t i e s  w i th  a  g iv e n
S i n c e  t h e  l i n e a r  e q u a t i o n s  i n d u c e  no t r a n s f e r  b e tw ee n  v a l u e s  o f  k ,
A
i t  i s  i n s t r u c t i v e  t o  compare t h e  t i m e  e v o l u t i o n  o f  t o t a l  c u r r e n t  and 
k i n e t i c  e n e r g y  o f  modes w i t h  a  g i v e n  k . F i g u r e s  C-^ and C-^a  show t h e  
t im e  e v o l u t i o n  o f  k i n e t i c  e n e rg y  i n  a l l  modes w i t h  k = 1 and t h e  same
q u a n t i t y  f o r  k^ = 2 ,  f o r  t h e  l i n e a r  r u n ,  I ,  and n o n l i n e a r  ru n  S,  Non­
l i n e a r  runs  T and H a r e  n o t  s e p a r a t e l y  p l o t t e d ,  s i n c e  t h e y  c l o s e l y  c o i n ­
c i d e  w i t h  t h e  n o n l i n e a r  S r e s u l t .  However i t  can  be  s ee n  t h a t  w h i l e  
k = 1 k i n e t i c  energy  i s  v e i l  p r e d i c t e d  by  t h e  l i n e a r  s o l u t i o n ,  t h e  
k_^  = 2 k i n e t i c  energy  i s  n o t  so w e l l  g i v e n .  There  i s  a  5$ d e p a r t u r e  
from t h e  l i n e a r  s o l u t i o n  f o r  a l l  t h r e e  s c a l e d  n o n l i n e a r  r e s u l t s .  T h i s  i s  
a  r a t h e r  u n ex p ec te d  r e s u l t .  The c o i n c i d e n c e  o f  t h e  S,  T and  H n o n l i n e a r  
s o l u t i o n s  f o r  k^ -  2 k i n e t i c  energy  seems t o  imply t h a t  t h e y  a r e  " l i n e a r " ,  
b u t  a p p a r e n t l y  not in  t h e  u s u a l  w ay . A s i m i l a r  phenomenon i s  p r e s e n t e d  in
F i g u r e  0 -5  v h i e h  shows k  = 1 mid k  = 1 0  s q u a r e d  c u r r e n t  v s ,  t i m e  f o r  t h eX x
t e s t  r u n s .  Again t h e  T an d  H r u n s  r e s u l t s  may be  su p e r im p o se d  on t h e  n o n ­
l i n e a r  S run  r e s u l t .  A l l  t h r e e  however a r e  an o r d e r  o f  m a g n i tu d e  d i f f e r e n t
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from t h e  l i n e a r  r e s u l t  a t  t  = 500 f o r  k^ = 10 c u r r e n t ,  bu t  ag ree  w e l l
w i th  t h e  l i n e a r  r e s u l t  f o r  k = 1  c u r r e n t  a t  t  ~ 500.x
3 ■ Bulk Q u a n t i t i e s
The t im e  e v o l u t i o n  o f  m agnet ic  e n e r g y  in  a l l  modes ex cep t  t h e  s h e e t  
p i n c h  modes [ i . e . ,  E ^ (n sp ) )  i s  shown i n  F i g u r e  C-6. Here a g r e a t  d i f f e r ­
ence  in  b e h a v i o r  i s  s een  between t h e  l i n e a r  and n o n l i n e a r  r u n s .  A f a c t o r  
o f  a lm os t  3 d i f f e r e n c e  i s  s e e n  be tween t h e  l i n e a r  r e s u l t  and th e  S non­
l i n e a r  run  a t  t  = 500. The n o n l i n e a r  T and H runs  have  t r a c e s  which may 
be sup e r im p o sed ,  i n d i c a t i n g  a smal l  conve rgence  to  a p a r t i c u l a r  r e s u l t .  
However t h e  f i n a l  v a lu e  o f  E^(nsp) f o r  t h e  T and H r u n s  a r e  q u i t e  d i f f e r ­
e n t  from t h e  l i n e a r  run .  In  a d d i t i o n  a l l  t h r e e  n o n l i n e a r  runs  have an 
c a tn a p )  which d e p a r t s  from t h e  l i n e a r  r e s u l t  a t  a ve ry  e a r l y  t im e .
A s i m i l a r  p a t t e r n  i s  s een  f o r  t h e  t o t a l  mean s q u a r e  ( n o n - s h e e t )  c u r r e n t  
and e n s t r o p h y  f o r  t h e  d i f f e r e n t  r u n s .  At t  = 0 a l l  r u n s  have a  ( s c a l e d )  J  
o f  .15b 5 and a ( s c a l e d )  e n s t r o p h y  o f  , 1 .  The t  -  500 v a l u e s  a r e  p r e s e n t e d
below;
run n J  {non s h e e t )
I, .269 .37b
H .obit .079
T .obit . 079
.Obi . 076
Again t h e  s m a l l  a m p l i t u d e  T and H r u n s  ap p ea r  t o  have converged  t o  a 
^ l i n e a r 1* r e s u l t  which i s  d i f f e r e n t  from t h e  p r e d i c t i o n  o f  t h e  l i n e a r  co d e .
We have  a l r e a d y  geen t h a t  runs  H, T and 5 a r e  n o t  co m p le te ly  l i n e a r  
in  any s e n s e ,  s i n c e  t h e  i n d i v i d u a l  mode e v o l u t i o n s ,  a f t e r  s c a l i n g ,  may
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not  be super im posed . However * every mode examined iti t h e  rung done have 
t h e  p r o p e r t y  t h a t  t h e i r  Email t im e  b e h a v io r  i s  w e l l  p r e d i c t e d  by t h e  
l i n e a r  co d e ,  fly t i m e s t e p  500 t h e  l i n e a r  r e s u l t s  seem t o  be m a r g i n a l l y  
good a t  b e s t ,  and i t  c e r t a i n l y  i s  not a n t i c i p a t e d  t h a t  t h e  l i n e a l  s o l u t i o n  
has r e l e v a n c e  a t  t  ^ 2000 a t  which t im e  s y s t e m a t i c  s h e e t  p inch  growth  was 
observed  i n  Chapters  IV and V.
The somewhat unuBunl s m a l l  am p l i tude  b e h a v i o r  o f  t h e  q u a d r a t i c  quan­
t i t i e s ,  d e s c r i b e d  above* seems to  have a  r e a s o n a b l e  e x p l a n a t i o n -  Even 
with  a e ro  d i s s i p a t i o n  th e  l i n e a r  e q u a t io n s  do n o t  p r e s e r v e  mean squa re  v e c ­
t o r  p o t e n t i a l  or t o t a l  e n e r g y -  T h e re fo re  even a t  t  = 0 and v e r y  smal l  
a m p l i tu d e ,  one would n o t  e x p e c t  A from t h e  l i n e a r  p roblem t o  a g r e e  w i th  A 
from t h e  n o n l i n e a r  r u n s .  Thus t h e  t ime e v o l u t i o n  o f  b u l k  q u a n t i t i e s  may 
be e x p ec te d  t o  r a p i d l y  become d i s p a r a t e  in  t h e  l i n e a r  and n o n l i n e a r  c a s e s .  
The t  = 0 t i m e  d e r i v a t i v e s  o f  t h e  bu lk  q u a n t i t i e E  A ( n e p ) ,  c ^C nsp ) ,  
and J fnEp)  a r e  assembled in  T ab le  C-2,  These t ime d e r i v a t i v e s  have  been
n u m e r ic a l ly  c a l c u l a t e d  from t h e  t e s t  r u n s -  Note t h a t  t h e  sm al l  a m p l i t u d e
« »
n o n l i n e a r  r e s u l t  a g re en  w i th  t h e  l i n e a r  r e s u l t  f o r  e^ and  fl, b u t  n o t  f o r  
A (n sp ) ,  Ep(nep) or J ( n s p ) .
In c o n c l u s i o n ,  t h e  n o n l i n e a r  code has been  shown t o  g ive  r e s u l t s  s u b ­
s t a n t i a l l y  d i f f e r e n t  from t h e  l i n e a r  s o l u t i o n s  by t  = 500 2 A lfven
t i m e s ) ,  by ' s u b s t a n t i a l l y  d i f f e r e n t 1 i s  mean mode by mode d i s c r e p a n c i e s  
o f  > 10$ f o r  s t a r t i n g  noise e n e r g i e s  having  < . 055! o f  t h e  "zeroth o r d e r "  
Eheet p inch  modeE* At t h i s  l e v e l  o f  i n i t i a l  p e r t u r b a t i o n ,  t h e  d i s c r e p a n ­
c i e s  a r i s e  f o r  t o t a l  p e r t u r b a t i o n  am pl i tudes  which have no t  su b stan tia lly  
grown o v e r  t h e i r  i n i t i a l  va lu es . In t h i s  sense t h e  s a t u r a t i o n  l e v e l  f o r  
th e  l in ear  problem i s  e x t r e m e l y  sm al l .  However, t h e  ’movement1 o f  t h e
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sys tem  in  i t s  p h a ae  s p a c e  i s  p r o b a b l y  l a r g e l y  i n  t h e  3ome " d i r e c t i o n "  
as t h e  l i n e a r  s o l u t i o n ,  th ough  damped. Q u i t e  p o s s i b l y *  t h e r e  r e m a in s  
i n t e r e s t i n g  work t o  be done a l o n g  t h e s e  l i n e s ,  s u ch  as c h a r a c t e r i s i n g  
" a t t r a c t i n g "  r e g i o n s  o f  phn^e s p a c e .  In any  c a s e ,  t h e  c u r r e n t  p u rp o s e  
was n o t  t o  r i g o r o u s l y  c l a r i f y  t h e  r e l a t i o n s h i p  o f  l i n e a r  an d  n o n l i n e a r  
s o l u t i o n s ,  R a t h e r ,  t h e  n e c e s s i t y  o f  i n c l u d i n g  t h e  f u l l  n o n l i n e a r  i n t e r ­
a c t i o n  in  t h e  dynamics o f  t h e  MliD s h e e t  p i n c h  haa  b e e n  d e m o n s t r a t e d .
APPENDIX D
INCOMPRESSIBILITY IN TWO DIMENSIONAL MHD
In h ydrodynam ics , c o n d i t i o n s  f o r  t h e  v a l i d i t y  o f  t h e  in c o m p re ss -  
i b i l i t y  a p p ro x im a t io n  a r e  v e i l  known. The r e s u l t s  o f  t h e s e  arguments  
w i l l  toe p a r a l l e l e d  h e r e  f o r  MHD f lows  In two d l m e n t l o n s ,  t h e  geometry  
b e in g  t h e  same i n  t h e  main t e x t  (bu t  c , g , 9 -  u n i t s  a r e  u f led ) .
I n  both  hydrodynamics  and m agne tahydrodynam ics t t h e  c o n t i n u i t y  
e q u a t i o n  i s
-i- v*Vp + pV*v = 0
where p i s  t h e  t im e  dependent  mass d e n s i t y  f i e l d  and v t h e  v e l o c i t y .  I f  
a  f low s a t i s f i e s  V»v = O, t h e  i n i t i a l  mass d i s t r i b u t i o n  i s  convec ted  w i t h
t h e  f l u i d  e l e m e n t s .  I f ,  f u r t h e r m o r e ,  t h e  d i s t r i b u t i o n  o f  mass i s  u n i f o r m ,
a
t h e  c o n t i n u i t y  e q u a t i o n  becomes p = 0. Under t h i s  a p p r o x i m a t i o n ,  t h e  
p r e s s u r e  1e k i n e m a t i c a l l y  de te rm in ed  toy a P o ia son  e q u a t i o n  w i th  a v e l o c i t y  
f i e l d  f u n c t i o n  as  i t s  s o u r c e s ;
e . g . ,  V^p = -V*{v*V)v (N a v ie r  S tokes  f low )
I n c o m p r e s s i b i l i t y  i s  a  s e l f - c o n s i s t e n t  a p p ro x im a t io n  i f  l o c a l  p r e s s u r e  
changes  due t o  t h e  f lo w  a r e  e x p ec te d  t o  produce v a n i s h i n g l y  sm a l l  d e n s i t y  
c hanges .  Order o f  magni tude  a r g u m e n ts ,  and t h e  a ssum pt ion  o f  c o n s t a n t  
e n t r o p y  o f  t h e  f l u i d  e lem en ts  y i e l d s  t h e  r e s u l t  t h a t  V*v = 0 f o r  a l l  t im e  
i s  a v a l i d  c o n s t r a i n t  p ro v id e d  t h a t  ( i )  v<<e f o r  tooth s t e a d y  and  n o n - s te a d y
5
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10l+
f lo w s ,  where e i s  t h e  sound speed and ( i i )  c l>>£, where  T and 2, a r eS 5
t h e  c h a r a c t e r i s t i c  t ime and l e n g t h  i n t e r v a l s  f o r  a p p r e c i a b l e  changes  
i n  the  v e l o c i t y  f i e l d .  The l a r g e 3 t  r e l e v a n t  £ i s  t h e  boundary  s e p a r a t i o n .  
Condi t ion  ( i i )  may be i n t e r p r e t e d  ae s a y in g  t h a t  t h e  sound p r o p o g a t i o n
t h e  e n t i r e  f l u i d  in  l e s s  t h a n  t h e  c h a r a c t e r i s t i c  t im e  o f  l o c a l  s p a t i a l  
v a r i a t i o n s .  Thus f l u i d  i n t e r a c t i o n s  a r e  ’ i n s t a n t a n e o u s 1. These  t y p e s  
o f  arguments  msy he  a p p l i e d  t o  magnetohydrodynamics ,
The MHD e q u a t i o n  f o r  t h e  t im e  e v o l u t i o n  o f  t h e  v e l o c i t y  f i e l d ,  
i n  c . g .E .  u n i t s *  i s .
and ve t a k e  Vp = 0 and tf 'v = 0 and check  f o r  c o n s i s t e n c y .  The main v & l i -
F i r s t ,  we c o n s i d e r  t h e  two d im e n s io n a l  s t e a d y  s t a t e  e q u a t i o n s  i n  
p e r i o d i c  g eo m et ry .  The s t e a d y  s t a t e  e q u a t i o n s  a r e ,  f o r  z e r o  d i s s i p a t i o n
speed  i s  such  t h a t  s i g n a l s  t r a v e l i n g  a t  c t r a v e l  f a s t  enough t o  t r a v e r s e3
-  ^  ?P + (VxB)xB + v ^ J
d l t y  check i s  t h a t D p o i n t  by p o i n t
<D-D
Vx(vxB) = 0 (D-2)
The f i r s t  o f  t h e s e  a l lo w s  one  to  w r i t e
= vx(Vxv) +■ (VxB)xBlllTp (D -3 )
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by v i r t u e  of* t h e  v e c t o r  I d e n t i t y
2 -► ■+ -+
V = cx(V xc)  + c*Vc
which h o ld s  f o r  any  v e c t o r  f i e l d  c .  D o t t i n g  (D-3)  w i t h  v  and  u s i n g  t h e  
c y c l i c  p r o p e r t y  o f  t h e  t r i p l e  p r o d u c t  y i e l d s
:-T ( T + f ) = 4 ^  (=-*•>
which i s  t o  be  c a s t  in  t h e  form o f  a  B e r n o u l l i  t h e o r e m .  E q u a t i o n  ( D-2 ) 
+  -+■
a l lo w s  v x B t o  be  w r i t t e n  a s  t h e  g r a d i e n t  o f  some s c a l a r  f u n c t i o n  <}>;
However v x B i s  i n  t h e  z d i r e c t i o n  and 3 / 3 z  = 0 i n  o u r  g eo m e t ry  so 
0 -  c o n s t a n t  f o r  any  s t e a d y  £-*d MHD f lo w  o f  t h i s  t y p e .  F u r t h e r m o r e  s i n c e
= V ' (v x B )
-  B-(Vxv) -  v *{VxB) -  0
"+  ^ -+ f-“s -+■ —K
in t h i s  geom et ry  s i n c e  w = Vxv = z*jj and  j = z j ,  i t  f o l l o w s  t h a t  v  x B s 0
2
s i n c e  V $ = 0 has  o n l y  t h e  t r i v i a l  s o l u t i o n  f o r  p e r i o d i c  b o u n d a ry  c o n d i ­
t i o n s .  T h i s  means t h a t  p e r i o d i c  2d MHD f lo w s  o n l y  a l l o w  s t e a d y  s t a t e s  
which have  no L o r e n t z  s t r e s s  on t h e  f l u i d  e l e m e n t s .  In  a d d i t i o n ,  i t  t h e n  
f o l l o w s  from ( D—(j } t h a t
2
which i s  t h e  B e r n o u l l i  t h e o re m  f o r  t h i s  c a s e  and  i n  i d e n t i c a l  t o  t h e  
N a v i e r - S t o k e s  r e s u l t .  Assuming t h e  f lo w  a l lo w s  o n l y  a d i a b a t i c  changes
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( t h o s e  f o r  which  each e lem en t  ha s  c o n s t a n t  e n t r o p y ) ,  we n o t e  t h e  the rm o­
dynamic r e l a t i o n s h i p
* * =  ( ! | ? ) s ,Sp '  tD-fi)
2 2 Ypv h e re  c g i s  t h e  sound speed  and c^ = f o r  an i d e a l  ga s  w i th  s p e c i f i c
h e a t  r a t i o  y .  Then from (D -5 ) ,  one deduces  t h a t  v*V2 + ^  I s  a  c o n s t a n tP
2
a long s t r e a m l i n e s , so t h a t  Ap = 0(pv ) ,  so  (D-6) y i e l d s
2
c s
The f l u i d  may be  r e g a r d e d  as  i n c o m p r e s s i b l e  i f  Ap/p << 1 ,  which r e q u i r e s  
t h a t
2 2v «  c (D -7 )5-
T h i s  i s  t h e  s t e a d y  s t a t e  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  v a l i d i t y  o f  t h e  i n ­
c o m p r e s s i b i l i t y  assum pt ion  * I t  i s  a l s o  n e c e s s a r y  i n  t h e  dynamic s i t u a t i o n .  
The n o n - s t e a d y  s t a t e  c o n d i t i o n s  w i l l  be d e r i v e d  in  two s t e p s .  
F i r s t  we assume t h a t  t h e  a c c e l e r a t i o n  i s  r e s p o n s i b l e  f o r  p r e s s u r e  changes ,  
then
0 ( i f ) - 0 (?  *»)
Define a  k i n e t i c  l e n g t h  s c a l e  t ,  which m easures  t h e  l e n g t h  c h a r a c t e r i s t i c  
o f  a p p r e c i a b l e  changes  i n  t h e  v e l o c i t y  f i e l d ,  and a k i n e t i c  t i m e  s c a l e  T 
which nteasureE t h e  c h a r a c t e r i s t i c  t im e  o f  t h e  v e l o c i t y  f i e l d  changes  a t  
a p o i n t .  Then t h e  above y i e l d s ,  f o r  a p r e s s u r e  change A p induced by 
3 v / 3 t ,
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and t h u s  " oST arid ’ = ^2  ( D - 0 )
c 3
Nov t h e  c o n t i n u i t y  e q u a t i o n  i m p l i e s  t h a t  3 p / 3 t  i s  e v e r y w h e r e  n e g l i g a h l e  
p r o v i d e d  A p / t  i s  n e g l i g a b l e  compared w i t h  t h e  n a t u r a l  3 c a l e  o f  t h e  r e ­
m a in in g  t e r m s  which  i s  pv£ ^ . N e g le c t  o f  c o m p r e s s i b i l i t y  i n  n a n - s t e a d y  
c a s e s  r e q u i r e s ,  i n  a d d i t i o n  t o  v *;< c g , t h a t
p v /£  1
o r ,  t c s  >> t  ( E - 9 )
T h i s  e q u a t i o n  s t a t e s  t h a t  t h e  l e n g t h  t r a v e l e d  by sound  waves  i n  t h e  c h a r ­
a c t e r i s t i c  t i m e  f o r  v e l o c i t y  f i e l d  changes  must be l a r g e  compared  t o  t h e  
l a r g e s t  c h a r a c t e r i s t i c  l e n g t h s  o f  t h e  f l u i d ,  i . e . ,  t h e  b o u n d a r y  l e n g t h s .  
A l t e r n a t i v e l y ,  i t  s t a t e s  t h a t  t h e  t im e  t a k e n  f o r  a  sound  wave t o  t r a v e l  
ii must b e  s m a l l  compared  w i t h  T, T h i s  means t h a t  t h e  sound  waves t r a v e l  
t o  d i s t a n t  p a r t s  o f  t h e  f l u i d  r a p i d l y ,  t h e y  have a lm o s t  i n s t a n t a n e o u s  
d y n a m ic a l  e f f e c t s .
So f a r  t h e  r e s u l t s  o b t a i n e d  a r e  i d e n t i c a l  t o  t h o s e  a p p r o p r i a t e  
t o  N a v l e r - S t o k e a  f l o w .  The s e c o n d  c a s e  m en t ioned  a b o v e ,  h o w ev er ,  i s  a  
new s i t u a t i o n ,  namely t h e  c a s e  w here  p r e s s u r e  g r a d i e n t s  a r e  p r e d o m i n a n t l y  
d u e  t o  t h e  m a g n e t i c  volume f o r c e .  In  t h a t  c a s e
We d e f i n e  k i n e t i c  l e n g t h  a n d  t im e  s c a l e s  £ and t an a b o v e ,  b u t  now i n t r o ­
duce  a  m a g n e t i c  scale t, which  c h a r a c t e r i s e s  t h e  d e r i v a t i v e s  o f  t h e  m a g n e t i c
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f i e l d .  In  t e rm s  o f  t h e s e  s c a l e s  and  a  c h a r a c t e r i s t i c  f i e l d  H t r e n g th  
Bg t h e  above i s
a 2
^  ~ 0 _
£p 47TPL
2 —1 2 —2 which ,  s i n c e  t h e  l o c a l  A l fv e n  s p eed  i s  v ,  = ( hup} Brt and  Ap = c -  ApA U S
becomes
2
Ap va  a—J— is n ---- —
T P 2 Ltc E
As b e f o r e ,  t h e  c h a r a c t e r i s t i c  t im e  r a t e  o f  change  g f  p must be  v a n i s h i n g ­
l y  3mall  which u s i n g  vt^Jl r e s u l t s  i n
2
VA t
L «  1 (D-10)
c E
Thie  i s  t h e  d e s i r e d  new r e s u l t  f o r  MHD i n c o m p r e s s i b i l i t y . I t  i s  c l e a r
t h a t  t h e  i n e q u a l i t y  may be  s a t i s f i e d  i n  a  number o f  ways.  F i r s t ,  i f
v << c and  t-L- ^ = 0 ( l ) ,  t h e  r e s u l t  i s  s a t i s f a c t o r y .  In  t h i a  r e g im e ,A 5
t h e  m agne t ic  and v e l o c i t y  f i e l d s  have e q u i v a l e n t  c h a r a c t e r i s t i c  l e n g t h
s c a l e s ,  b u t  t h e  m a g n e t i c  f i e l d  i s  weak,  o r  t h e  sound speed  i a  h i g h .
2 —1Assuming an a d i a b a t i c  e q u a t i o n  o f  s t a t e  g i v e s  c g = (ypp  ) so t h a t
2
v^ becomes B /Utt << p ,  In  t h i s  c a n e ,  t h e  f l u i d  becomes in c o m p r e s ­
s i b l e  i f  t h e  " m a g n e t i c  p r e s s u r e ” i s  much l e e s  t h a n  t h e  m e c h a n i c a l  p r e s s u r e ,  
□n t h e  o t h e r  hand,  i n c o m p r e s E i b i l i t y  a l s o  r e s u l t s  i f  t / L  << 1 .  T h i s  s t a t e s  
t h a t  t h e  v e l o c i t y  f i e l d  v a r i a t i o n s  a r e  o f  s m a l l  e x t e n t  compared w i t h  magne­
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